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Abstract. This paper studies the stability of a speed gradient continuous
traffic flow model, which is proposed by Ge et al and based on TVDM.
The nonlinear and linear systems of traveling wave solutions of the model
equation are derived by traveling wave substitution. And the types of
equilibrium points and it’s stability are analyzed theoretically. Finally, the
phase plane diagram is obtained through simulation, and the global
distribution structure of the trajectories is analyzed. The results show that
the numerical results are consistent with the theoretical analysis, so some
nonlinear traffic phenomena can be analyzed and predicted from the
perspective of global stability.
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1 Introduction

In order to alleviate and prevent traffic congestion fundamentally, people have studied
the various nonlinear phenomena of traffic flow for decades. However, it is not enough to
improve traffic congestion only by increasing traffic infrastructure. We should study and
analyze the traffic flow theory and deeply investigate the internal mechanism of traffic
phenomenon, which can help us dredge and control the traffic congestion phenomenon
fundamentally. In addition to evaluate all kinds of traffic phenomena well by observing
experiments, researchers have also reproduced and explained the traffic phenomena through
a large number of model equations. Compared with car-following model, macro traffic flow
model can better describe the collective behavior of vehicles in traffic flow, so as to
alleviate and prevent traffic congestion to a greater extent.

As early as 1955, Lighthill and Whitham!! first proposed a macroscopic traffic flow
model. In 1956, Richards!!! proposed a similar model. These two models are called LWR
models. In 1971, Payne proposed the first macroscopic high-order continuous model,
which allows the average velocity of the vehicles to deviate from the equilibrium velocity.
Later, Kiihne* added a viscous term in the acceleration equation, it can smooth the
discontinuity in the model. But in 1995, Daganzo®™ found that there is always a
characteristic velocity greater than the macro flow velocity in these models, which aganist a
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basic principle of traffic flow. In order to overcome this problem, researchers proposed
some anisotropic macroscopic traffic flow models. In 2000, Awl® first proposed the
anisotropic speed gradient model. After that, some similar macro anisotropic models had
been proposed’-1,

At present, the research on macro traffic flow mainly focus on analyzing the stability by
using characteristic analysis method, deriving the solution equations of different
regions!®%1%, There are few studies on the equilibrium point and its stability. Therefore, this
paper studies and analyzes the macro model from this point of view. Firstly, we can study
the type and stability of equilibrium points in macroscopic traffic flow model, then we can
study the most common traffic flow state instability phenomenon from the equilibrium
point, so it is particularly necessary to study the equilibrium point and stability of traffic
flow.

The rest of this paper is organized as follows. In Section 2, the model is derived. The
properties of the equilibrium points are analyzed in Section 3. The numerical simulation is
carried out in Section 4, and finally summarized.

2 Model and it’s derivation

In this paper, we study and analyze a new speed gradient continuous traffic flow model,
which is based on TVDM and proposed by Ge!'%l et al. The expression is as follows:

oplot+o(pv)lox=0
oviet+vev]ox =V, (p) —VIIT +c(p)ov/ ox + u(p)ov I ox*

1)

where p is the average density, v is the average velocity, T is the relaxation time,V,(p) is
the equilibrium velocity, c(p)=A/r is the disturbance propagation velocity,
u(p) =(1—- p)c®(p) is viscosity coefficient, p is the weight coefficient. r is the time needed

for the backward propagated disturbance to travel a distance of A .
Supposing that there are traveling wave solutions p(z) and v(z) in the model, where

z=x-ct and the traveling wave velocity c¢<0. Substituting them into the Eq. (1), we can
get the following results.

—Cp, + N, +Vp, =0 (2)
_Cvz +(V_CO)VZ :I.\/e(p) _V]/T +IUOVZZ (3)

The two sides of Eq. (2) are integral to z, we have

—Cp +(q =const=gq,

q=0x+Cp 4)
From Eq. (4), we can get
q.
p &)
Substitute Eq. (4) into Eq. (3)
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P p p T p p (6)
The second order ordinary differential equation about p(z) can be obtained by
simplifying.
P —9(p.q)p, - f(p.c,0)=0 (7)
where
1 0.
9(p.0)=— (% -c)
Hy P (®)
__P
f(p.c,q.) = [pV.(p)—a.—cp]
T4,0 9)

Let y=dp/dz, Eq. (7) can be transformed into a system of first order ordinary

differential equations (or called nonlinear dynamic system) with respectto vy .

{dpldz: y
dy/dz=g(p.0.)y + f (0.0..) (10)

3 Equilibrium and stability

If the right term of the system (10) is zero, we can obtain y=0 and f =0. So the
equilibrium point (p,,0) can be determined, p, for short. The right term of the second

equation in the system (10) can also be linearized through the Taylor expansion at the
equilibrium point, and the higher order term is ignored, then the linearized system of Eq.
(10) can be derived as follows:

{dp/dz:y
dy/dz:g(pilq*)y+f.(pivclq’*)(p_pi) (11)

We obtain the Jacobian matrix of the system (11) at the equilibrium points as

0 1
SR
i Y (12)

and the Jacobian characteristic equation as

2 -
2 —gi-1 =0 (13)

where 9i=9(p.%), f; = f'(p,c,q.).
Since f =0 at the equilibrium point, we have pV,(0)—0q.—cp, =0, then we can get

g; :i(q* _Co)
Hy P (14)
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f,‘ — q* + piz\/el(pi)

T 0. (15)

According to the qualitative theory of differential equation, the types of equilibrium
point of linear system (11) can be determined, as shown in table 1.

Table 1. Types of equilibrium points for linear dynamical systems (11).

f, o +4f, g; Types of the equilibrium points
+ Saddle point

- + Nodal point

- - =0 Spiral point

- - 0 Central point

The linear system(11) is unstable at the saddle point when z—+w; and stable at the
nodal or spiral point for z—+w(0orz—>-—w) when g, <0(or g,>0). According to the

Hartman-Gorban linearization theorem!'!), when the eigenvalues of nonlinear system have
non-zero real parts, that is, the equilibrium point is a non central point, the stability of
nonlinear system and linear system at equilibrium point is consistent. It is difficult to appear
a central point in the traffic flow model, so we discussed it here.

4 Numerical simulation

The equilibrium point of linear system (11) can be solved for any given set of ¢ and ..
Then according to table 1, the type of equilibrium point and its stability can be determined

and are shown in table 2. Equilibrium velocity function proposed in Ref. [12] is selected
for numerical simulation.

V,[pl=v, {{u exp[%ﬂ_ —3.72><106}

(16)

Other parameters in the model are as follows:

v, =30m/s, p,=0.2veh/m, T =10s, p=086 c(p)=1Im/s u(p)=154

Table 2. Types and stabilities of some equilibrium points of linear system (11) with the given model
parameters, where A =g?+4f ,i=123.

(c.9.) P, P> Ps

(-1.371,0 0.0119 0.0744 0.2626

.36) f/ >0 ,saddle point A, <0, g, <0,Spiralpoint f' >0 ,saddle point
Unatable Stable for z —» +o Unatable for z — +w
for z >+ Unstable for z » -

(-1.38,0. 0.0301 0.0512

80) f' >0 ,saddle point A, <0, g,<0,Spiral point
Unatable Stable for z —» +o
for z >+ Unstable for z » -

Using the two sets of parameters in table 2 to simulate the system (10) respectively. We
can obtain the phase plane diagrams near the equilibrium point as shown in figure 1. The
corresponding equilibrium points are marked in the phase plane diagrams.
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Fig. 1. Trajectoriesin 2 —Y phase plane with the parameters: (a) ¢=-1.371 and 9.=0.36; (b)
c=-1.38 and 9.=0.80,

It can be seen from figure 1.(a) that (p,,0)and (p,,0)are saddle points, when z—+oo,
the trajectory is far away from this point, and the system is unstable at this point. (p,,0) is

spiral point, when z— -+, there are several spiral trajectories close to the saddle points
tend to focus on (p,,0), indicating that the system is stable; when z-—-o, these

trajectories are far away from spiral point and finally tend to infinity, indicating that the
system is unstable at that point, which can be regarded as the saddle point-spiral
point-saddle point solution of the system. In figure 1.(b), (p,,0)is saddle point, when

z—>+w, the system is unstable; (p,,0) is the spiral point, the trajectories starting from

(0.03,0) tends to focus on the spiral point for z— +w, indicating that the system is stable;
when z-— -, these trajectories are far away from the spiral point, the system is unstable.
Finally, the results show that the numerical results are consistent with theoretical analysis.
The trajectories show the global structure of the interaction of multiple equilibrium points,
reflecting the influence of different types of equilibrium points on the trajectories around
them.

5 Conclusion

In this paper, we studied a new speed gradient continuous traffic flow model based on
TVDM, and discussed the types of equilibrium points and their stability states. Numerical
simulation on the phase plane shows that the numerical results are consistent with the
theoretical analysis. The results is helpful to describe and study nonlinear traffic
phenomena.
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