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Abstract. In this paper, the traveling wave solution of the macro
continuum model considering the automobile tail lamp effect is obtained
by using the phase plane analysis method, the type of equilibrium point of
the model is determined, and the stability of the system at the equilibrium
point is analyzed. This method can describe and predict the nonlinear
traffic phenomena on Expressway from the perspective of system global
stability. According to the theory of differential equation, the model is
further analyzed to judge the type and stability of equilibrium point.
Finally, the simulation diagram is used for numerical simulation. Through
numerical verification, it is concluded that the numerical results are
consistent with the theoretical analysis.

Keywords: Traveling wave substitution, Stability analysis, Phase plan.

1 Introduction
Since the first [1] car following model was proposed, in order to better describe the
movement of cars, various car following models have appeared one after another. For
example, Newell [2] developed a car following model with a simple rule. Bando et al.
Proposed an optimal speed (OV) model, which can successfully describe some real-time
traffic phenomena, such as stop and go, traffic jam, etc. [3]. Later, the OV model was
extended, including generalized (GF) model [4] and full velocity difference model (FVD) [5].
FVD model is given as follows:
𝑑𝑣𝑛 (𝑡)
𝑑𝑡

= 𝑎[𝑉(∆𝑥𝑛 (𝑡)) − 𝑣𝑛 (𝑡)] + λ∆𝑣𝑛

(1)

In recent years, a new point of view on the effect of front and rear lights has emerged to
study the impact of front and rear lights on driving behavior [6].
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The new car following model
Zhang et al. Is as follows:
𝑑𝑣𝑛 (𝑡)
𝑑𝑡

[7]

considering vehicle tail lamp effect established by

= 𝑎[𝑉(∆𝑥𝑛 (𝑡)) − 𝑣𝑛 (𝑡)] + 𝜆∆𝑣𝑛 + 𝜃𝑛 (𝑡)𝜉𝑛 (𝑡)

(2)

The macro traffic model [8] considering the effect of front and rear lights established by
Liu et al. Is given as follows:
𝜕𝑣
𝜕𝑡

+ (𝑣 − 𝜆∆ − 𝑀∆)

𝜕𝑣
𝜕𝑥

1

= 𝑎[𝑉𝑒 (𝜌) − 𝑣] + (𝜆 + 𝑀)∆2 𝑣𝑥𝑥
2

(3)

The model can well reflect the influence of automobile tail lamp on the macro view.
In the second section, the model and its derivation process are discussed. In the third
section, the types of equilibrium points of the model are derived, and the stability of the
model at different types of equilibrium points is analyzed. In the fourth section, numerical
simulation is carried out and the theoretical analysis is verified. The fifth section
summarizes the full text.

2 Model and its derivation
Next, we take a new continuum model considering vehicle tail light effect as an example to
analyze the branching phenomenon of traffic flow. The model ensures the basic principle of
anisotropy of traffic flow and response only to the stimulation of vehicles in front. The
model consists of the following two equations, a local vehicle conservation equation,
𝜕𝜌
𝜕𝑡

+

𝜕(𝜌𝑣)
𝜕𝑥

=0

(4)

and an equation of motion,
𝜕𝑣
𝜕𝑡

+ (𝑣 − 𝜆∆ − 𝑀∆)

𝜕𝑣
𝜕𝑥

1

= 𝑎[𝑉𝑒 (𝜌) − 𝑣] + (𝜆 + 𝑀)∆2 𝑣𝑥𝑥
2

M=ξ0 tanh(1-

∆
x0

)

(5)
(6)

It is assumed that the model has traveling wave solution 𝜌(𝑧) and 𝑣(𝑧), where 𝑧 = 𝑥 −
𝑐𝑡, traveling wave velocity 𝑐 < 0. sing the above results and bringing them into equations
(4) and (5), we can get
−𝑐𝜌𝑧 + 𝑞𝑧 = 0
(7)
1

−𝑐𝑣𝑧 + (𝑣 − 𝜆∆ − 𝑀∆)𝑣𝑧 = 𝑎[𝑣𝑒 (𝜌) − 𝑣] + (𝜆 + 𝑀)∆2 𝑣𝑧𝑧
2

From equation (7):

𝑣𝑧 =

𝑐𝜌𝑧

𝑣𝑧𝑧 =

−

𝜌
𝑐𝜌
𝜌2

𝑞𝜌𝑧

(8)

(9)

𝜌2

− 𝜌𝑧𝑧

(10)

Then, take (9)-(10) into (8) and rewrite (8), we can get:
2

𝑞∗

2𝜌

𝜌

𝑇(𝜆+𝑀)∆2 𝑞∗

𝜌𝑧𝑧 − (𝜆+𝑀)∆2 [ − 𝜆∆ − 𝑀∆] 𝜌𝑧 +

[𝑞 ∗ +𝑐𝜌 − 𝜌𝑣𝑒 (𝜌)] = 0 (11)

Simplify the second order ordinary differential equation about𝜌(𝑧):

𝑧𝑧 − 𝐺(, 𝑞 ∗)𝜌𝑧 − 𝐹(𝜌, 𝑐, 𝑞 ∗) = 0
2

(12)
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Among them:
2

𝑞∗

𝐺(𝜌, 𝑞 ∗) = (𝜆+𝑀)∆2 [ − 𝜆∆ − 𝑀∆]
𝜌

𝐹(𝜌, 𝑐, 𝑞 ∗) = −

2𝜌
𝑇(𝜆+𝑀)∆2 𝑞∗

[𝑞 ∗ +𝑐𝜌 − 𝜌𝑣𝑒 (𝜌)]

(13)
(14)

𝑑𝜌

Let
= 𝑦, equation (12) can be transformed into a system of first-order ordinary
𝑑𝑧
differential equations:
𝑑𝜌
𝑑𝑧
{𝑑𝑦
𝑑𝑧

=𝑦
= 𝐺(𝜌, 𝑞 ∗)𝑦 + 𝐹(𝜌, 𝑐, 𝑞 ∗)

(15)

3 The balance point type and stability of the mode
The linear representation of the system can be obtained by Taylor expansion of equation
(15):
{

𝜌′ = 𝑦
𝑦 ′ = 𝐺(𝜌𝑖 , 𝑞 ∗)𝑦 + 𝐹 ′ (𝜌𝑖 , 𝑐, 𝑞 ∗)(𝜌 − 𝜌𝑖 )

(16)

Therefore, the Jacobian matrix of the system at the equilibrium point can be obtained as:

𝐿=[

0
𝐹𝑖′

1
]
𝐺𝑖

(17)

The corresponding characteristic equation is:

2 − Gi  − Fi′ = 0

(18)
Where 𝐺𝑖 = 𝐺(𝜌𝑖 , 𝑞 ∗) and 𝐹𝑖′ = 𝐹 ′ (𝜌𝑖 , 𝑐, 𝑞 ∗) . From (17) and (18) forms, we can get:
𝐹𝑖′ = −

2ρi
T(λ+M)∆2 q∗

[c − ρi Ve′ (ρi ) − Ve (ρi )]

2

𝑞∗

𝐺𝑖 = (𝜆+𝑀)∆2 [ − 𝜆∆ − 𝑀∆]
𝜌𝑖

(19)
(20)

Since at the equilibrium point (ρi , 0) ,then 𝑞∗ + 𝑐𝜌𝑖 − 𝜌𝑖 𝑉𝑒 (𝜌𝑖 ) = 0 ,then 𝐹𝑖′ can be
written as:
𝐹𝑖′ =

2(𝑞∗+𝜌𝑖2 𝑉𝑒′ (𝜌𝑖 ))

(21)

𝑇(𝜆+𝑀)∆2 𝑞∗

From the Hartman-Gorban linearization theorem, we know that the nonlinear system
(15) and the linear system (16) have the same equilibrium point. Select the balance velocity
function proposed in:
𝑉𝑒 (𝜌) = 𝑉𝑓 {[1 + 𝑒𝑥𝑝 (

𝜌
−0.25
𝜌𝑚

0.06

−1

)]

− 3.72 × 10−6 }

Here, 𝑉𝑓 represents the free flow velocity, and 𝜌𝑚 Represents the maximum density.
The values of the parameters in the model in this chapter are as follows:

3

(22)

ITM Web of Conferences 45, 01057 (2022)
CSCNS2021

https://doi.org/10.1051/itmconf/20224501057

𝑉𝑓 = 30𝑚/𝑠 , 𝜌𝑚 = 0.2𝑣𝑒ℎ/𝑚 , 𝑎 = 0.2 , ∆𝑥 = 100𝑚 , 𝑥0 = 100 , 𝜆 = 0.6 .From the
above discussion and (15)-(16), the type and stability of the equilibrium point can be judged,
as shown in Table 1, where the equilibrium point is represented by 𝜌𝑖 (𝑖 = 1,2,3).
Table 1. The equilibrium point.
𝜌1

𝜌2
0.0065

(c, q)  (1.371,0.2)

0.0938
∆𝑖 < 0, 𝐺𝑖 < 0,
spiral point，
stable for z→ +∞ ;
unstable for
z→ −∞.

𝐹𝑖′ > 0,
saddle point,
unstable for
z→ ±∞.
0.0223

(c, q)  (1.38,0.64)

𝜌3
0.1447
𝐹𝑖′ > 0,
saddle point,
unstable for
z→ ±∞.

0.0594
∆𝑖 < 0, 𝐺𝑖 < 0,
spiral point，
stable for z→ +∞ ;
unstable for
z→ −∞.

𝐹𝑖′ > 0,
saddle point,
unstable for
z→ ±∞.

4 Numerical simulation
The two sets of parameters in Table 1 are selected to simulate the stability of the nonlinear
system (15) at the equilibrium point. The phase plan near the balance point is shown in
Figure 1 and Figure 2. The equilibrium point is ( i ,0) , and i  1,2，
3 , 1  2  3 . It can be
seen from the figure that the balance point type of the system and the stability changes near
the balance point are consistent with the theoretical analysis results in Table 1.
Figure 1 corresponds to the first situation in Table 1. It can be seen from Table 1 that
when z→ ±∞, the system is unstable at the equilibrium point (𝜌1 , 0) and (𝜌3 , 0), and its
nearby trajectories are far away from this point. When z→ +∞,there are several spiral
trajectories close to saddle point (𝜌3 , 0) and tend to focus (𝜌2 , 0); when z→ −∞,these
trajectories are far away from the focus and eventually tend to infinity. It shows that when
z→ +∞,the system is stable at (𝜌2 , 0);when z→ −∞,the system is unstable at (𝜌2 , 0), the
trajectory can be regarded as the system saddle-focus-saddle point solution.
Figure 2 corresponds to the first situation in Table 1. Figure 2 also shows that the
system is unstable at the equilibrium point (𝜌1 , 0). The spiral starting near (0.002,0) tends
to focus z→ +∞,at (𝜌2 , 0),and the system is stable at this point; when z→ −∞, it is far
away from focus (𝜌2 , 0),and the system is unstable.

5 Conclusion
In this paper, traveling wave substitution is used to study the type and stability of
equilibrium solutions of the improved Bando macro model. For further analysis and
comparison, this paper selects two groups of parameters to describe the global distribution
structure of the trajectory near the equilibrium point on the phase plane. Then, the stability
of these equilibrium points is analyzed and described in detail.

4
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Fig. 1. Phase plane  - y trajectory diagram, where traveling wave velocity c  1.371 ,traveling
wave parameter q*  0.2 .

Fig. 2. Phase plane  - y trajectory diagram,where traveling wave velocity c  1.38 , traveling wave
parameter q*  0.64 .
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