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Abstract. Tracy-Widom distribution can primely describe the limit 
distribution of the largest eigenvalue of noise matrix, so it is widely used in 
the field of signal processing and wireless communication. The exact 
expression of this distribution is very complex and difficult to be applied in 
practice. Therefore, an approximate method of Tracy-Widom distribution 
based on least squares is proposed, in which the optimal fitting order and 
optimal fitting coefficient are determined by minimizing the average fitting 
uncertainty. The simulation results show that the fitting results can 
accurately predict the largest eigenvalue distribution of the noise matrix, 
which proves the effectiveness of the polynomial fitting method to 
approximate the first-order Tracy-Widom distribution. 
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1 Introduction 
The Tracy-Widom distribution is suitable for describing random phenomena of extreme 

eigenvalues of Wishart matrix, and is considered to have a wide range of applications [1-4]. 
It plays an important role in related application fields of random matrix, such as the 
performance analysis of MIMO communication system in fading channel, the design of 
spectrum detection algorithm based on eigenvalues, etc. [5-7]. Compared with common 
distributions such as normal distribution and exponential distribution [8, 9], the calculation 
of Tracy-Widom distribution includes the solution of complex differential equations and 
integration operations. 

Therefore, it is often calculated with the help of special software in practice. For example, 
some discrete values of the first-order Tracy-Widom distribution CDF (Cumulative 
Distribution Function) and PDF (Probability Density Function) in the range of [-40,200] were 
given in [10]. Gamma distribution was used to approximate the Tracy-Widom distribution, 
and the analytical expressions of the CDF and PDF of first-order Tracy-Widom distribution 
within a certain range were also given in [11]. However, the approximate expressions 
obtained in [11] still include complicated integral operations and higher-order power 
operations, which will inevitably face the following two problems in practical application 
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scenarios: (1) The computing abilities of the terminals are extremely limited, therefore the 
exact value of Tracy-Widom distribution cannot be calculated effectively; (2) Practical 
scenarios, such as cognitive radio networks and wireless communications, often have strict 
requirements on timeliness, extra computational complexity cannot meet this requirement 
[12,13]. 

In this paper, the polynomial fitting based on least squares is used to obtain the optimal 
approximates for first-order Tracy-Widom distribution, in which the optimal fitting order and 
fitting coefficients are determined by minimizing the average fitting uncertainty. On this 
basis, this paper uses Monte Carlo simulations to obtain the largest eigenvalue distribution 
of the noise matrix, and compares the predicted distribution with the empirical distribution. 
The simulation results show that as the matrix dimension changes, the approximation 
accuracy of the polynomial fitting approximation curve is always maintained at high level. 

2 Tracy-Widom distribution and the largest eigenvalue 
distribution of the noise matrix 

2.1 Tracy-Widom distribution 

The first-order Tracy-Widom distribution is used to describe the largest eigenvalue 
distribution of symmetric random matrix under Gaussian ensemble, and its cumulative 
distribution function can be expressed as: 

( ) ( ) ( ) ( )2
1

1exp + d
2 x

F x q w w x q w w
∞ = − − 

 ∫             (1) 

Where q(w) is the solution of Painlevé II differential equation: 

( ) ( ) ( )32q w wq w q w′′ ′= +                                           (2) 

When w→∞ , the boundary condition is ( ) ( )Aiq w w , where ( )Ai w  is the Airy 
function. The probability density function of the first-order Tracy-Widom distribution is the 
derivative of the cumulative distribution function. It can be seen from equation (1) that it is 
very difficult to directly calculate CDF and PDF of first-order Tracy-Widom distribution, 
which is difficult to meet the requirements of practical application for computability and time 
limit. 

2.2 Largest eigenvalue distribution of the noise matrix 

Given a M N×  matrix ( ) ( ) ( )1 2, ,
T

M
 =  X X X X , the elements of the random vector 

( )iX  are real numbers and ( )iX  is independent and identically distributed with 

( )2
N x N Nσ ×I0， , where 2

x N Nσ ×I  is the covariance matrix. Then the noise matrix 
H=Y X X  of order N N×  will obey the white Wishart distribution ( )2

N xM σ I， , 

where HX  is the complex conjugate transpose of X . Assume that λ  is the largest 
eigenvalue of the noise matrix Y . When M →∞ , N →∞ , and / 1M N γ→ ≥ , we have 
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( )2
1/ x MN MN Fλ σ µ σ− →                        (3) 

Where F1 denotes the CDF of the first-order Tracy-Widom distribution. The centre and 
scaling parameters of the first-order Tracy-Widom distribution are as follows: 

2( 1 )MN M Nµ = − +                                       (4) 

1
31 1( )

1MN MN M N
σ µ= +

−
                            (5) 

Note that [11] has proved that when M →∞ , N →∞ , and M N< , equation (2) and 
equation (3) are still valid, but the roles of M and N are reversed in equation (2) and equation 
(3). 

3 Fitting of Tracy-Widom distribution 
In this section, we use polynomial fitting method based on least squares to approximate the 
first-order Tracy-Widom distribution. The numeric value of PDF and CDF of the first-order 
Tracy-Widom distribution obtained from [10] are denoted by f1 and F1, respectively. 
Similarly, the PDF and CDF approximated by the polynomial fitting method based on least 
squares are denoted by fit1 and FIT1, respectively. 

Table 1. Data points for fitting the CDF of first-order Tracy-Widom distribution. 

i  ix  iy  i  ix  iy  i  ix  iy  
1 -4.8750 0.0005 7 -2.7500 0.1052 13 2.0000 0.9896 
2 -4.6250 0.0011 8 -1.9375 0.2921 14 2.4375 0.9951 
3 -4.4375 0.0021 9 -1.2500 0.5059 15 2.9375 0.9981 
4 -4.1250 0.0053 10 -0.5625 0.7078 16 3.2500 0.9990 
5 -3.8750 0.0105 11 0.4375 0.8984 17 3.6250 0.9995 
6 -3.1875 0.0493 12 1.0000 0.9514    
The goal of the polynomial fitting method based on least squares is to obtain the optimal 

coefficients of the polynomial by limited data points so as to minimize the fitting error 
between the fitting function and the objective function. Suppose the polynomial fitting 
function expression is: 

( ) 1
1 1 1 0

n n
n nFIT x a x a x a x a−

−= + + + +                           (6) 

Where n denotes the fitting order. In order to avoid over fitting, it is generally required that 
1 15n≤ ≤ . 

In this paper, we select non-uniform points in the range of [ 4.875,3.625]x∈ − , and the 
number of points in areas where the slope of the curve changes rapidly is more than where 
the changes are slow. Based on the data given in [10], we use 17 data points in Table 1 to 
perform polynomial fitting on the CDF of the first-order Tracy-Widom distribution. 
Assuming that the fitting value at xi is FIT1(xi), the fitting error between the fitting 
approximation and numeric value in [10] at the data point is expressed as: 

( )1i i iFIT x yδ = −                                                        (7) 
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Least squares means minimizing the sum of fitting error iδ  at each data point: 

( )( )
17 17 22

1
1 1

min i i i
i i

FIT x yδ
= =

= −∑ ∑                               (8) 

It can be seen from [14] that the minimization problem as in equation (8) can be 
transformed into finding the coefficient a of the following overdetermined equations: 

=Aa Y                                             (9) 

where 

1
1 1 1

1
2 2 2

1
17 17 17

1
1

1

n n

n n

n n

x x x
x x x

x x x

−

−

−

 
 
 =
 
 
  

A





    



                                (10) 

[ ]1 1 0
T

n na a a a−=a 
                              (11) 

[ ]1 2 17
Ty y y=Y 

                                    (12) 

Then the coefficient a can be obtained by the generalized inverse matrix K of matrix A. 
In order to determine the fitting order n, we use the smallest average fitting uncertainty 

of sampling point in [14] to find the optimal fitting order. The uncertainty of (xr, yr) in the 
fitting interval is defined as 

( ), T T
r r ru n y s= X KK X                                (13) 

where 

1 1, , , ,1n n
r r r rx x x− =  X                                     (14) 

( )
17

2

1
17 1i

i
s nδ

=

= − −∑                                    (15) 

The average fitting uncertainty of FIT1 is defined as 

( ) ( )2
ave

1
,

l

r
r

u n u n y l
=

= ∑                              (16) 

Within the fitting interval, l sampling points with step size 0.0625x∆ =  were selected, 
where ( )3.625 4.875 1l x=  − −  ∆ +  . 

Using the data points given in Table 1, the average fitting uncertainty of each fitting order 
for fit1 is shown in Figure 1. It can be seen from Figure 1 that the smallest average fitting 
uncertainty of the fitting curve is found when n=13. Therefore, the optimal polynomial fitting 
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order of CDF is 13. On this basis, the corresponding optimal fitting coefficient can be 
obtained by equation (9), as shown in Table 2. 

 
Fig. 1. Mean of fitting uncertainties of FIT1 with different fitting orders. 

Table 2. CDF polynomial fit coefficients for first-order Tracy-Widom distribution. 

n na  n na  n na  

0 8.3192 110−×  5 -1.6548 310−×  10 6.7255 710−×  
1 1.8127 110−×  6 -1.3343 410−×  11 2.2418 710−×  
2 -6.9755 210−×  7 1.4919 410−×  12 -1.3876 810−×  
3 4.0452 310−×  8 -8.6340 610−×  13 -3.2119 910−×  
4 5.5729 310−×  9 -7.4902 610−×    

Similarly, the fitting curve of PDF of the first-order Tracy-Widom distribution can be 
obtained. Suppose the fitting range is [ ]4.875,3.625x∈ − , and the chosen 19 fitting data 
points are shown in Table 3. Using the similar method above, the average fitting uncertainty 
of each order of fitting polynomial fit1 can be obtained as shown in Figure 2. It can be seen 
from Figure 2 that the optimal fitting order is also 13, and the corresponding fitting 
coefficients can be obtained by using equation (9) as shown in Table 4. 

Table 3. First-order Tracy-Widom distribution PDF fitted data points. 

i ix  iy  i ix  iy  i ix  iy  
1 -4.8750 0.0017 8 -1.6825 0.3101 15 1.6250 0.0302 
2 -4.7500 0.0026 9 -1.3750 0.3192 16 2.1250 0.0144 
3 -4.3125 0.0094 10 -1.0625 0.3084 17 2.7500 0.0051 
4 -3.8750 0.0273 11 -0.8750 0.2936 18 3.2500 0.0021 
5 -3.1250 0.1035 12 -0.1250 0.1990 19 3.6250 0.0010 
6 -2.5625 0.1955 13 0.5625 0.1098    
7 -1.8750 0.2951 14 1.3125 0.0461    

 
Fig. 2. Mean fitting uncertainties of fit1 with different fitting orders. 
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Table 4. PDF polynomial fit coefficients for first-order Tracy-Widom distribution. 

n na  n na  n na  

0 1.8134 110−×  5 -7.7578 410−×  10 3.7026 610−×  
1 -1.3944 110−×  6 1.1302 310−×  11 -3.2423 810−×  
2 1.2138 210−×  7 -6.9563 510−×  12 -7.6029 810−×  
3 2.2229 210−×  8 -8.3323 510−×  13 -4.8278 910−×  
4 -8.4374 310−×  9 5.7204 610−×    

The polynomial fitting expression of CDF of the largest eigenvalue λ  of the noise matrix 
can be derived from equation (3): 

( )
2

1

MN
x

MN

x
F x FITλ

µσ
σ

   −  
  =

 
 
 

                                     (17) 

From the relationship between CDF and PDF, the polynomial fitting expression of PDF 
of λ  is the derivation of equation (17): 

( )
2

12

1 MN
x

x MN MN

x
p x fitλ

µσ
σ σ σ

   −  
  =

 
 
 

                           (18) 

Note that the approximate expression of PDF of λ  obtained in [11] is: 

( )
( ) ( )

( )( )12 2
0 0

22
exp

k

x MN MN x MN MN
k

x MNx MN

x x x x

k

σ µ σ σ µ σ

σ σ θσ σ θ

−   − + − − +   
 Γ  

                      (19) 

Where 0x =9.8029, k=46.5651, θ =0.1850, ( )Γ   is the Gamma function. Comparing 
equation (18) and equation (19), the expression obtained in [11] includes integral calculation 
and high-order power operation, and the polynomial fitting method based on least squares 
proposed in this paper only needs to perform 13-order integer power operation, the 
computational complexity is much lower than the approximate method in [11]. 

4 Simulation results 
Figure 3 compares the approximation accuracies of CDF and PDF in this paper with the true 
value of first-order Tracy-Widom distribution in [10], in which the fitting curves of CDF and 
PDF are denoted as FIT1 and fit1, and the CDF and PDF in [10] are denoted F1 and f1, 
respectively. It can be seen from Figure 3 that the proposed fitting curve is highly consistent 
with the real value in [10] in the range 4.875,3.625x∈[- ], which proves that the proposed 
approximation method has high approximation accuracy. 

ITM Web of Conferences 47, 01011 (2022)

CCCAR2022
https://doi.org/10.1051/itmconf/20224701011

6



 
(a) 

 
(b) 

Fig. 3. Fitting graphic of first-order Tracy-Widom distribution. 

In Figure 4 we use Monte Carlo simulation to evaluate the accuracy of the CDF and 
PDF fitting curves of the largest eigenvalue λ  of the noise matrix Y with 2

xσ =1, 
M=20, N=40. Here, the CDF and PDF fitting curves are given by equation (17) and 
equation (18), respectively. In the experiment, the number of Monte Carlo 
experiments is 106. The CDF and PDF curves of Monte Carlo simulation are obtained 
by setting 100 intervals at equal intervals in the value range [76.8908, 143.0882]. 
Meanwhile, Figure 4 shows the distribution curve based on Gamma approximation 
in [11]. It can be seen from Figure 4 that the accuracy of the proposed fitting curve 
is equivalent to the approximation in [11], and both methods have extremely high 
approximation accuracy. 

 
(a) 

 
(b) 

Fig. 4. Predicted CDF and PDF graph of largest eigenvalue . 
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In order to quantify the error caused by the polynomial fitting method based on least 
squares further and compare it with the Gamma approximation method in [11], the following 
index W2 is introduced to measure the approximation accuracy:  

( ) ( )2 2
1

R

x L
W D x p xλ

=

=∑                                       (20) 

Where ( ) ( ) ( )eD x F x F xλ= − , ( )eF x  is the CDF of the largest eigenvalue λ  of the 

noise matrix Y  obtained from the experiment, the range is [ ],x L R∈ , L and R can be 
calculated by the definition of statistics in equation (3). Note that the smaller W2 is, the higher 
the approximation accuracy is. W2 of proposed approximation and Gamma approximation in 
[11] are shown in Table 5, where M=N, 2 1xσ = , and the number of Monte Carlo experiments 

for each group (M, N) is 610 . The fitting PDF corresponding to the proposed approximation 
method is given by equation (17), and the PDF corresponding to the Gamma approximation 
method is given by equation (25) in [11]. It can be seen from Table 5 that as the M increases 
W2 gradually decreases in general, which indicates that the accuracy of the proposed 
approximation method generally increases as the dimensions of the matrix increases. 
Meanwhile, the approximate accuracy of is slightly better than the method in [11]. Note that 
the computational complexity of the approximate expression of the distribution of λ  given 
in this paper is much lower than that of [11]. Thus, the proposed polynomial fitting method 
not only has extremely high computational efficiency, but also can give accurate approximate 
results of the first-order Tracy-Widom distribution. Based on this, the largest eigenvalue 
distribution of the error matrix can also be accurately predicted. 

Table 5. W2 for the largest eigenvalue  when M=N. 

M 
2W  

λ (17) λ [11] 
20 4.4301 410−×  4.4205 410−×  
40 3.6476 410−×  3.6642 410−×  
60 3.1816 410−×  3.2020 410−×  
80 3.5947 410−×  3.6224 410−×  

100 3.2309 410−×  3.2582 410−×  
120 3.1019 410−×  3.1290 410−×  

5 Concluding 
In this paper, the polynomial fitting method based on least squares is used to approximate the 
CDF and PDF of first-order Tracy-Widom distribution. Here, the minimum average 
uncertainty method is used to find the optimal fitting order and coefficient of the fitting 
function with given limited data points. Both the theoretical analysis and the simulation 
results show that the fitting approximation of the proposed method not only has high 
computational efficiency, but also can ensure high approximation accuracy. The first-order 
Tracy-Widom distribution fitting method proposed in this paper is easy to implement and is 
very suitable for practical Tracy-Widom distribution application scenarios. 
 

λ
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