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The behaviour of an epidemiological model
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Abstract. In this work we study the next system:

S = A-BA+vDSI
E = BA+vD)SI-aFE
I' = aFE-vyl

R = yI

which is a SEIR model, where first of all the probability of disease transmission
depend linear of the number of infectious.

We also consider and study the behaviour of the system if the probability of
disease transmission depend of two degree polinom of the number of infectious.

1 Introduction

The SIR model is one of the simplest compartmental models, and many models are derivatives
of this basic form [1]. The model consists of three compartments:

S: The number of susceptible individuals. When a susceptible and an infectious individual
come into "infectious contact", the susceptible individual contracts the disease and transitions
to the infectious compartment.

I: The number of infectious individuals. These are individuals who have been infected
and are capable of infecting susceptible individuals.

R for the number of removed (and immune) or deceased individuals. These are indi-
viduals who have been infected and have either recovered from the disease and entered the
removed comportament, or died. It is assumed that the number of deaths is negligible with
respect to the total population. This comportament may also be called "recovered" or "resis-
tant".

This model is reasonably predictive for infectious diseases that are transmitted from hu-
man to human, and where recovery confers lasting resistance, such as measles, mumps and
rubella [2].

Spatial SIR model simulation. Each cell can infect its eight immediate neighbors.

These variables (S, I, and R) represent the number of people in each compartment at a
particular time. To represent that the number of susceptible, infectious and removed individ-
uals may vary over time (even if the total population size remains constant), we make the
precise numbers a function of t (time): S(t), I(t) and R(t). For a specific disease in a specific
population, these functions may be worked out in order to predict possible outbreaks and
bring them under control.
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2 The SEIR model

For many important infections, there is a significant latency period during which individuals
have been infected but are not yet infectious themselves. During this period the individual is
in compartment E (for exposed).

Such a simple model represents well a generic behavior of epidemics and a related ad-
vantage consists in a small number of parameters to be identified [3]. This is an important
outcome in the case of a virus attack with a limited amount of data available. The basic
reproduction ratio is the classical epidemiological measure associated with the reproductive
power of the disease. For the SEIR model, it is:

- aBA

Ro= — P2 |
O M W

It gives the average number of secondary cases of infection generated by an infectious indi-

vidual. Therefore, it is used to estimate the growth of the virus outbreak. When Ry < 1, the

disease dies out; when Ry > 1, an epidemic occurs. In terms of parameter 8, when 8 < [y,

with 5y = ’W, the disease disappear, and when 8 > 3y the disease starts an epidemic.
In this work we consider the next system:

S = A-BA+vDSI
E’ BU+vD)SI-aFE
I' = «aF-vyl

that means the probability of disease transmission depend linear of the number of infec-
tious.

S (#) denoting the number of susceptible individuals,

E(t) the number of exposed individuals (were the individuals are infected but not infec-
tious),

1(t) the number of infectious individuals

R(t) the number of recovered individuals

The parameters are defined as:

A per-capita birth rate,

a rate of progression from exposed to infectious (the reciprocal is the incubation period),

[ probability of disease transmission per contact times the number of contacts per unit
time,

v recovery rate of infectious individuals (the reciprocal is the infectious period)

U per-capita natural death rate.

We will find the equilibrium points and will study their stability.
Also we will study the next system:

s’ A-B(1+1)SI
E' = B(1+VI)SI-aE
r aE -yl

that means the probability of disease transmission depend of two degree polynomial of
the number of infectious.
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3 Stability analysis of equilibrium points

In the folowing we consider the next system:

S = A-p(+vDSI
E = p(+vD)SI-aE
I' = aFE-vyl

that means the probability of disease transmission depend linear of the number of infec-
tious.

To find the equilibrium points we solve the system:

A-BA+vD)SI—uS = 0
B +vDSI—-aE—-uE = 0
aFE —yI = 0

with v positive.

. . eger . . 72 A A
We obtain a single equilibrium point £ ( BoA)” @ ;) .

The jacobian matrix is:

—B(L+vD)I 0 —BS —2BvSI
J=| BA+vDI -a BS+2BvSI

0 a -y
The jacobian matrix at E is:
_ By+vA)A 0 _ Y(y+2vA)
( YZ)A ( y?ﬁ)
— Bly+v. y(y+2v.
J (E) - T —a y+vA
0 a -y

The characteristic polynomial associate with the jacobian matrix above is:

P) =2 + > + a1 + ag
where

B A2,8v + ABy + a72

a
2
Y

A(A%aBy? + A2Byv? + 2AaByv + 2AaBy*y — @y + iy’ + ByY)
¥* (Av +7)
(Av + y) BA«a
ay= ———
Y

a) =

If we consider the next system:

s' = A-p(1+v1)SI
E = B(1+21)SI-aE
I' = aF-vyl

that means the probability of disease transmission depend of two degree polinom of the
number of infectious.

To find the equilibrium points we solve the system:
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A-B(1+»*N)ST = 0
B(1+V*1)SI-aE = 0
aFE — vyl =0

. . oy . . 2
We obtain a single equilibrium point E; ( ﬁ(yZyz nE 4 f;‘) )
The jacobian matrix is:

_’3(1 + y21) I 0 —BS-28°S1
IT=| 1+ -a BS+2p7SI
0

a =Y
The jacobian matrix at E is:
Bly+2A)A 0 y(y+2v2A)
BN RN
J(E) = Bly+v?A)A _ y(y+2v2A)
y2 a y+vA
0 1% -y

The characteristic polynomial associate with the jacobian matrix above is:

P) =2 + b2 +bid + by

where

A’BV? + ABy + ay? +
2

by =

A (A2aﬁv3 + A2Byv? + AaByv? + ABYPV + yiav (2 — v) + AaByv + afy* + By3)

b, =
: Y (Av +7)

(Av2 + y) BAa
Y

0 =

Proposition 3.1 Assume v < min (ﬁ E). Then the endemic equilibrium E is locally asymp-
totically stable.

Proof. The result become from Routh-Hurwitz conditions [4]:

ag > O
A(Azaﬁv +A2Byv:+2AaByv+2AaBy? v+y (B—av)+aBy? +ﬁ73) >0
v2(Av+y) ’
because v < min (ﬁ ﬁ) < i
ap > O
a1y = g = sch— (C4A* + CAY + G4 + C1A + Co) > 0, where

C4:,82v3(a+7/)>0
—3B2v27(a+7)>0
= By*v (a +y )+3,8272v(a+7)>0
C —2y3ﬁv(a +y)+ﬁy3(yva+,8a+ﬁy)>0

Co=7"a*(B- w)+701(ﬁ )+ By >0

because v < min E é <8 > |
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If we consider the next system:

s’ = A-p(1+»*1)s1
E = B(1+VI)SI-aE
I' = aF-vyl

that means the probability of disease transmission depend of two degree polinom of the
number of infectious.

To find the equilibrium points we solve the system:

A-B(1+1)SI = 0
B(1+v1)SI-aE = 0
aE -yl =0

We obtain a single equilibrium point E; ( ﬁ(yﬁ'z Nk 3, %) .
The jacobian matrix is:
—B(1+I)I 0 -BS -2Bv’SI
IT=| p(1+I)I - BS+28vSI
0 a -y
The jacobian matrix at Ej is:

2L VRPN 20 )
2

b% y+vA
J(E)) = ﬁ(y+v22A)A —a y(y+2°A)
b% y+vA
0 a -y

The characteristic polynomial associate with the jacobian matrix above is:

P() = 2 + by + b1d + by

where

_ A2,8v2 + ABy + ayz + y3
= "

by

A (Azaﬁv3 + A2Byy? + AaByv? + ABY*V? + Ylav (2 —v) + AaByv + afy? + By3)

b =
: Y (Av +7)

(Av2 + y) BAa
Y

0 =

Proposition 3.2 Assume v < % Then the endemic equilibrium E is locally asymptotically

stable.

Proof. The result become from Routh-Hurwitz conditions:
b1b2 - bo = m (D4A4 + D3A3 + D2A2 + DlA + Do) >0 , where
Dy=B"V (@+vy)>0
D3 =,82v3 v+2)y(@+y)>0
Dy =yv Qv+ DB (a+7y) + 2y V3 Ba(l —v) + vy >0
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D, = y3ﬁva2 v+1 +ﬁ2y3a/ + y4v(2 -v)aB+ 74B2 + ysvﬁ(v +1)>0
Dy =y*B+y’va® (1 -2v) + (ﬁys +y5v(1 - ZV))a +By5>0

because v < 3. o

4 Conclusions

We considered in this paper a SEIR model in wich the disease transmission depends on a
polynomial depends on the number of infectious individuals, in the first case of the first
degree, in the second case of a polynomial of the second degree.

In both cases the endemic equilibrium point proved asymptotically stable in some situa-
tions.
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