ITM Web of Conferences 49, 01007 (2022) https://doi.org/10.1051/itmconf/20224901007
Fourth ICAMNM 2022

Fredholm property of regular hypoelliptic operators on the
scales of multianisotropic spaces

Ani Tumanyan'2*

'Russian-Armenian University
2Siemens Digital Industries Software

Abstract. This paper studies the Fredholm properties for a class of regular hy-
poelliptic operators. We establish necessary and sufficient conditions for a priori
estimates for differential operators acting in multianisotropic Sobolev spaces in
R". Fredholm criteria and index invariance are obtained for a wide class of reg-
ular hypoelliptic operators on the special scales of multianisotropic weighted
spaces.
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1 Introduction

The class of regular hypoelliptic operators is a special subclass of Hyormander’s hypoelliptic
operators which have very important applications (see [1]). They are a natural generalization
of elliptic, parabolic, 2b—parabolic and quasielliptic operators and were introduced in the late
60s-70s and studied by many authors: S. M. Nikolsky [2], V. P. Mikhailov [3], J. Friberg [4],
L. R. Volevich, S. G. Gindikin. [5], H. G. Ghazaryan [6, 7] and others. The analysis of regular
hypoelliptic operators has certain difficulties as corresponding characteristic polynomials are
not homogeneous as in the elliptic case. Fredholm properties are studied for special classes
of hypoelliptic operators in various functional spaces, but most of the results are related to
elliptic and quasielliptic operators.

For elliptic operators the Fredholm property is studied on various scales of weighted
spaces in R” in the works of R. B. Lockhart, R. C. McOwen [8, 9], L. A. Bagirov [10], E.
Schrohe [11] and many others. L. A. Bagirov [12], G. A. Karapetyan, A. A. Darbinyan [13]
studied the Fredholm property of quiasielliptic operators in the special weighted anisotropic
spaces in R”. Isomorphism properties are obtained in G. V. Demidenko’s works (see [14, 15])
for quasielliptic operators with constant coefficients on the special scales of weighted spaces.
A. A. Darbinyan and A .G. Tumanyan [16-18] studied a priori estimates and Fredholm
criteria for quasielliptic operators with special variable coefficients in anisotropic weighted
Sobolev spaces.

L. Rodino, P. Boggiatto, E. Buzano (see [19]) studied the Fredholm properties and the
spectrum of special classes of pseudodifferential operators acting in multianisotropic spaces
with special polynomial weights. In A. G. Tumanyan’s work [20] Fredholm criteria are ob-
tained for the special subclass of regular hypoelliptic operators.
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In this paper we obtain a priori estimates for a class of regular hypoelliptic operators,
acting in multianisotropic Sobolev spaces in R” (see Theorems 3.2 and 3.3). A regularizer
is constructed for regular hypoelliptic operators with special variable coefficients (see The-
orem 3.5). For the considered class of operators, we establish Fredholm criteria and index
invariance on the special scale of multianisotropic spaces H/;’(R’p (R™) (see Theorem 3.6). The
considered scale of multianisotropic spaces is more general than in the previous works (see,
for example, [18, 20]).

2 Basic notions and definitions

Definition 2.1 A bounded linear operator A, acting from a Banach space X to a Banach
space Y, is called an n—normal operator, if the following conditions hold:

1. the image of operator A is closed (Im(A) = Im(A));
2. the kernel of operator A is finite dimensional (dim Ker(A) < o).

An operator A is called a Fredholm operator if conditions 1-2 hold and

3. the cokernel of operator A is finite dimensional
(dim coker(A) = dim Y/ Im(A) < o0).

The difference between the dimension of the kernel and the cokernel of operator A is
called the index of the operator:

ind (A) = dim Ker(A) — dim coker(A).

Definition 2.2 For a bounded linear operator A, acting from a Banach space X to a Banach
space Y, the bounded linear operators Ry © Y — X and R, : Y — X are called respectively
left and right regularizers if the following holds: R1A = Ix +T,ARy = Iy + T, where Ix, Iy—
are the identity operators, T1 : X —» X and T, : Y — Y are compact operators. A bounded
linear operator R : Y — X is called a regularizer for operator A, if it is a left and right
regularizer.

Let n € N and R” be the Euclidean n-dimensional space, Z, N" be the sets of n-
dimensional multi-indices and multi-indices with natural components respectively.

Definition 2.3 Let N C Z' be a finite set of multi-indices, R = R(N) be a minimum convex
polyhedron containing all the points N. A polyhedron R is called completely regular if the
following holds: a) R is a complete polyhedron: R has a vertex at the origin and further
vertices on each coordinate axes in R"; b) all components of the outer normals of (n — 1)—
dimensional non-coordinate faces of R are positive.

Let R be a completely regular polyhedron. Denote by R’l?’l G=L....0-1) (n - 1)-
dimensional non-coordinate faces of R with the corresponding outer normals 4/ such that all
; I-
multi-indices a € ‘R;f‘l satisfy (a : p/) = % +..+ % =1,0R = UI ‘R’}“. For k > 0 denote
1
by kR := {ka = (kay,ka; ... ka,) : @ € R}.

n j=1
Consider the differential form

P(x,D) = ) a,(x)D", M

aeR
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where D* = D{'..Dy", D; = i‘laix/,x = (X1, ..., Xz) € R" a,(x) € CRM).

Denote by
P, =) a, ()&, by
aeR
For ¢ € R” denote by
Elr = I Ilg = | €71,
aeR acdR

Definition 2.4 A differential form P (x,D) is called regular at a point xo € R", if there exists
a constant § > 0 such that:

1+ |P (x0,8)| = 6élg, VE € R™.

P (x,D) is called regular in R”", if P (x, D) is regular at each point x € R".
P (x,D) is called uniformly regular in R", if there exists a constant § > 0 such that:

1 +|P(x,&)| = 6|¢lg, V€ € R, Vx € R,
Example 2.1 Examples of regular differential forms:

1. Let m € N and R be a Newton polyhedron for the set of points (0,0,...,0),
(m,0,...,0),...,(0,0,...,m). In this case conditions from definition 2.4 coincide with
ellipticity conditions.

2. Let v € N" and R be a Newton polyhedron for the set of points (0,0,...,0),
1,0,...,0),...,(0,0,...,v,). In this case conditions from definition 2.4 coincide with
quasiellipticity conditions.

3. Let n = 2 and R be a Newton polyhedron for the points (0,0), (8,0), (0,8) and (6, 4).
Then

P(x,D) = alD? + azD?D;1 + a3D§ + q(x)
is a regular differential form in R* with some ai, a,, a3 > 0 and g € C(R?).

4. Let n = 3 and R be a Newton polyhedron for the points (0,0,0), (8,0,0), (0,8,0),
(6,4,0), (6,0,6), (0,6,6) and (0,0, 12). Then

P(x,D) = D¥ + DSD3 + DS + DSDS + DSDS + D + q(x)
is a regular differential form in R® with g € C(R?).

Denote
Q:={ge C(R" : 3c > 0 such that g(x) > ¢ > 0,Yx € R"}.

For m € Z, and a completely regular polyhedron R denote

Qm,'R ={ge Q : DBg(_x) (S C(Rn), L = 0’
g(x)

lg(x) — gy)l |DPg(x)|
2 72 3 0as|x] » 00,ACs > 0s.t. ——— < Cy, VxeR”
BE T gy ek eds gCoeen =T

VBemR,B+0,j= 1,...,1,“}.
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The considered class Q"R includes polynomial functions and special exponential func-
tions such as:

(1 + xlg), 1> 0,exp (1 + |xlg),0 < r <

max
where f,,,x = max max {,us}

1<i<l,_y 1<s<n

For k € R, a completely regular polyhedron R and 1 < p < co denote
HR R 1= {ue S lullg, = IF™ (1+1€lye)" Full, ey < oo},

where S is the set of tempered distributions.
For k € Z,, a completely regular polyhedron R, 1 < p < oo and ¢ € Q denote

Hy*P(R") =
k —max(a:u)
{ Nl ey 1= Nl = g < oo}_
aekR Ly(R")
For Q c R" and x¢ € R" denote
kR, k—max(a:y’
HyP(Q) i=qu llull g () 2= Z Du-q () < oo,
! dekR Ly

k R.p R"

q(zo)( )=
k—max(a:u’)

D%u - q(xo)

{u il e, 2= Wl o) = )

ackR

<oop.
L,(R")

For k € Z, it can be checked that with some constants C;, C, > 0 we have:

CillF™" (g(x0) + IElg)* Fullz, @) < Nl pgcny < CallF™ (g(x0) + 1€lg)* Fullz, s
kRp n
Yue Hyi ' (RY).  (3)

3 Main results

Let k € Z, and g € Q. Consider the differential form P(x,DD) (see (1)) with the coefficients
that satisfy the following conditions:

POD) = a0 = 3 (aha0™ " 4 ajo) D7, @

aeR aeR

where a,(x) = a%(x)q(x) I-max(ar)

+ab(x), DP(ad(x)) = O (q(x)m,in(ﬂ:u")) and

1-max(e—B:p')

DP(al(x)) = o (q(x)
It is easy to check that P(x,DD) generates a bounded linear operator, acting from
Hy'RP (@) to HYRP (R,
Denote

)When |x] > oo forall @ € R, B € kR.

Py(x,D) = 3" aS(x)D", ©)

aeR
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L(x,D) := )" al(x)D". (6)

aeR
For N > 0 and x; € R" denote

Kn(xp) = {x € R" : |x — xo| < N}, Ky := Kn(0).

Consider the unity partition from the work [20]. Let 0 < 69 < 1, ¢ € C7°(R") be such that
0<¢(x) <1forall x € R"and ¢ (x) = 1 for x € Ks,2, ¢ (x) = 0 for |x| > 6p and ¥ € CF(R")
such that supp ¢ C Ky, and (x) = 1 for x € K;,. Let w > 0 be such that w \n < 8. Denote
{zm},,_, points on the lattice in R” with a side equal to w.

Denote

o -1
On(X) = G(x = 20 [Z o(x - z») () 1= Y(x = 2), meO,1,.... @)
1=0
Denote W, = supp¢,,,m=0,1,2,....

Then {¢n},,_, and {y,,},-_, satisfy the following conditions:

(i). max |x—y| < do,
XYESUPP Py

(ii). there exists » € N such that for any number i there are no more than r functions ¢ ;(x)
such that supp ¢; N supp ¢; # @;

(ii)). @u(Ym(x) = @u(x) for all x € R";

(iv). for any a € Z] there exists a constant C, > 0 such that |[D%@,,(x)| < Cq, |DWp(x)| <
Co,,¥xeR" m=0,1,...;

M. X en0=1.

3.1 A priori estimates in multianisotropic spaces

Further we use the following theorem which is a consequence of Theorem 7.1 from [22] for
kR.p ny.
the spaces H,; " (R"):

Theorem 3.1 Let k € Z,,q € Q and P (x,D) be the differential form (4). Then operator
P(x,D), acting from HI;H’R”’ R to H];’R’p (R™) is an n—normal operator if and only if there
exist k > 0 and N > 0 such that

k+1,R,
el 2p.g < & (1PUlleg pg + Il k) Vit € Hy ™77 (R, ®)

Theorem 3.2 Let k € Z,,q € Q"% and P(x,D) be the differential form (4) with the coeffi-

cients that satisfy |llim ‘mallxl a8 (x) — a(y)| = 0 for all « € R.
x| 00 [x—y|<

Let there exist a constant k > O such that:

k+1,R,
lllis1 % pg < & (1PUllir pg + Nl e ) - Vue € Hy M 5P@R). ©)

Then P (x,D) is regular in R" and there exist constants 6 > 0 and M > 0 such that

DT @A T > 600+ Ielar), VE € R 1> 0,12l > M. (10)
aeR
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Proof. The proofs of Theorem 3.1 and Theorem 3.3 from [20] for p = 2 can be generalized
k+1,R.p rony - P
for the spaces H, (R™) in a similar way. O
Further we establish that the regularity of P(x,DD) in R” and condition (10) are not only
the necessary conditions but also sufficient for the fulfillment of the a priori estimate (9) in
spaces H](;‘R’p @R").

Lemma 3.1 Letke€Z,,q € O*R . xy € R" and Py(x, D) be the differential form (5). Let there
exist a constant 6 > 0 such that

[Po(x0, )l = 0(q(x0) + [€lar), V& € R". (11)
Then operator Py(xy, D), acting from Hk(tcl)ﬂ P (R") to Hk(f‘;’ (R™), has a bounded linear in-
verse operator Ry, acting from Hk(ff (R™) to H];(T)R P (R,

Proof. Letu € Hk(H)R” (R™) and Py(x, D)u = f. First, we prove that u € Hk+l RP(R"Y is the

unique solution of Py(xo, D)u = f. Applying the Fourier transform, we obtam

Po(xo,6)Fu = Ff.

Hence .
Fu=——.
! Py(x0,8)
(g0 + Elar)*! Fu = (g(xo) + lelgp) L0+ KR oo
Py(x0,&)

Since (11) is satisfied it is easy to check that m is a Fourier multiplier (see [6]).

Using this fact and the norm equivalence (3), w1th some constants Cy, C,,C3 > 0 we get

—1 k+1
letllg+1.%.p.qxe) < C HF (q(x0) + 1€lar) FMHL,,(R”)

_19(x0) + €] _
= | LSO (1 g + el )
Po(xo,¢) LR
< Co[|F" (q(x0) + lar) F |, ey < Call llkmpainy- (12)
We have
k+1,R.p mon
lellis1.R pgceo) < CallPulli g pgceoys Vi € Hog 7™ (R). (13)

Thus, the uniqueness is proved.

Let f € Hk(fg’ (R"). Consider u = F~! (mF f). Similarly, it can be shown that

ue H’;(”)R” (R") and (13) holds.

So, we get that for the operator Py(xo,D) : S(J;i)ﬂ PRY — S(ff (R") there exists a
bounded linear inverse operator Ry : I;(f)p R") — 'Iq{z;i)ﬂ P (RM). ]

Theorem 3.3 Let k € Z,,q € Q% and P(x,D) be the differential form (4) with the coeffi-
cients that satisfy lim max la%(x) — a’(y)| = 0 for all @ € R. Let P(x,D) be regular in R"

[x[—00 |x—y|<

and there exist constants > 0 and M > 0 such that

DA e 2 6+ r), VE € R, 2> 0,13 > M. (14)
aeR

Then there exist constants k > 0 and N > 0 such that:

letlicr1 2 pg < K (IPullcr pg + lullz, k) - Yoe € Hy™ PR, (15)

6
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Proof. Let my € N. Using the properties of functions {¢,,},._ it is easy to check that with
some C > 0 the following holds

mg oo
D k+1,R,
Bl g < C| D Moty g+ D pmtll o | Y € HRP®RY.(16)
m=0

m=mg+1

Using the a priori estimates for bounded domains from the work [23] with some constants
C; > 0and N; > 0 we have

o
k+1,R,
D gmtillent mpg < Cr (1Puller g + Nl k) » Y € Hyt PR, a7

m=1

mgy
where N is such that | W; C Ky, .
i=0
Denote

1-max(a:u)

I-max(a:u')
- afCmaten) ')

PUD) = Y [0 () 0a)

aeR

1‘“‘?*(“1”"] D"\m=0,1

+a0 (Xn)q(Xm)

Using the properties of functions {i,},_,, the condition on the coeflicients

|l‘im max la%(x) — a(y)l = O for all @ € R and the weight function ¢ € Q%R it can be
x| —00 [x—y|<

shown that for all @ € R and § € kR and m > my the following holds

[DF () (@200 =) — ) (g ) 550 |
< Ta,,B (mO)Q(xm) ! —max;(ry—ﬂ:/,z/) 5

where 7, 3(mg) — 0 when my — co.
Using the last inequality and Lemma 3.1, similarly to the proof of Theorem 2.2 from the
work [13], it is easy to check that for a big enough mg operators P"(x,D) : H’;’I’R”’ R" -

H]q"(k"’ (R™) for m > my have bounded inverse operators. Since (10) holds they have uniformly
bounded norms and with some C, > 0 the following holds

k+1,R,
l@mttllis1 R pg < CollP" (mtDllk R p.gs Ve € Hy P (RY).

Since P" (¢, u) = Po(pnu) for all u € H’;’l’ﬂ’p(R”) andm =mo+ 1,mp +2,... we get

k+1,R,
lemttllist g pg < ColIP™ (@mdllerp.g < CollPo(@millerp.q: Yu € Hy P (R™).

Using the properties of functions {¢,,},>_, and the weight function g € QFR it can be

shown that if my is big enough for m > my with some constants C3, C4 > 0 we have

||90mP0M - PO(‘pmu)”iR,P’q
p

< C3 Z Z ag(X)DBMDY(,qu(x)l—m?x(mﬂ:)

a@€eR f+y=a,ly[>0 kR.p.q

P
1 1—max(B:u)
= C4 Z Z ag(x)l)BuDywm min(y:u) q(x) '
a€R B+y=a,ly[>0 q(x) kR.p.q

< wimo)llull” .. <,
Hy W,
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where w;(mg) — 0 when my — oo.
From the last two inequalities with some constant Cs > 0 we get

k+1,R,
”‘Pm’/‘”p < Cs | llgm! oully wl(”lO)“u”pkn,RP » VU € Hq P(RY).
k+1,R,p.q kR.p.q H (W)
p m

(e

oo and

Summing up for all m > my and taking into account the property (ii) of {¢,,}
{Wal,_o» with some constant Cs > 0 we get

oo

k+1,R,
llgpmully < Cs (I1Poully  , , + wi1(mo)lull},, z , ). Yu € H "P(R™.  (18)
k+1,R,p,q kR,p.q k+1,R.p.q

m=mg+1

From (16), (17) and (18) we get that with some constant C; > 0

lleellz+1,%,pq < C7 (”Pu”k,R,p,q + lullz, ky, ) + [1Poullcr,p.q
k+1,R,
+wr(mo)lullis1 g pg) - Vit € Hy PR, (19)

where w,(my) — 0 when my — oo.
Since Py(x,D) = P(x, D) — L(x, D) we have

k+1,R,
”POu”k,‘R,p,q < ”Pu”k,'R,p,q + ”Lullkﬁ,p,q’ Yu € Hq P(Rn).

1-max (a—B:u’)
i ﬁ#)when|x|—>00,ae

Taking into account the conditions D? (a}l(x)) =0 (q(x)
R,B € kR it is easy to check that
k+1,R,
Luller p.q < @3(mo)llullesir pg + Callullpriroky, ), Yu € H, PR,
mo
where ws(mp) — 0 when my — oo and N; is such that | W; C Ky, .
i=0
Similarly to (17), using the a priori estimate from [23], with some constant Cy > 0 we get

ILullez g < @30m)tdllisr =g + Co (IPulleg pg + Il k) -
From the last estimate and (19) we get
el 2p.g < C7 (IPUll pg + Nl iy, ) + IPoUll pg + @2(motllis 2.p.q)
< C1 (IPullir g + lllz, k) + @30m0)ltllcs1 & p.g + Co (IPullem pg + Nl k)
+wr(mollullst rp.q) - Vit € Hy" PR,

We can take my big enough such that C; (w3(mg) + wy(mg)) < 1/2.
Then, with some constant Cy > 0 we get

k+1,R,
lelles1 ,p.g < Cro (I1Puller pg + il ks, ) » Yt € Hy ™ P (R).

O

Corollary 3.1 Let k € Z,,q € Q"R and P(x,D) be the differential form (4) with the coeffi-
cients that satisfy lim max |a2(x) — a(y)| = 0 for all @ € R. Let P (x, D) be regular in R"

[x]—00 [x—y|<1
and there exist constants 6 > 0 and M > 0 such that

DT awa g 2 64+ Eor), VE € R 2> 0,1l > M. (20)
aeR
Then operator P(x,D), acting from HSH’R"” ®R") to H’;’R (R™), is an n—normal operator.

Proof. Applying Theorem 3.3, we get the a priori estimate (8). Thus, from Theorem 3.1 it
follows that P(x,D), acting from H’;H‘R’p R™) to H’;’R’p (R™), is an n—normal operator. |
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3.2 Fredholm criteria for a class of regular hypoelliptic operators
Further we use the following theorem (see Theorem 3.14 [21]):

Theorem 3.4 Let A be a bounded linear operator acting from a Banach space X to a Banach
space Y. Then the following holds:

1. if operator A has a left regularizer, then kernel of operator A in X is finite dimensional;

2. if operator A has a right regularizer, then the image of operator A is closed in Y and
the cokernel is finite dimensional;

3. operator A has left and right regularizers if and only if A is a Fredholm operator.

Theorem 3.5 Letk € Z,,q € O*R and P(x,D) be the differential form (4) with the coeffi-

cients that satisfy Illim ‘me}xl la%(x) — a(y)| = 0 for all @ € R.
x| =00 |x—y|<

Then operator P(x,D) : HSH’R”’ (R") — H’;’R’p (R™) is a Fredholm operator if and only if
P (x,D) is regular in R" and there exist constants 6 > 0 and M > 0 such that

DA g 2 6+ e, VE € R, A 0,1 > M. e

aeR

Proof. Let P(x,D) : H]q”l’(R’p R" — H’;’R’p (R™) be a Fredholm operator. Since Fredholm
operator is n— normal, then from Theorem 3.1 the a priori estimate (8) is satisfied. From
Theorem 3.2 we get that P(x,DD) is regular in R” and (21) holds. So, the necessary part is
proved.

Consider the unity partition (7). Let my € N and x,, € W,,,m =0,1,2.. ..

For m < m denote

P"(x,D) := Z W (%) (ao(x) = ag(xm)) + ao(x,)) D7,

aeR

PO D) = > W) (@0(X) = a(60)) + o) D7,

acoR

RO .= ol I€1o% '
(1 + €lyr) PO (X, &)

Since P(x,D) is regular in R”, applying Lemma 2.1 from [20], we get that if 6y from
definitions of (7) is small enough the following representation holds for m < my:

P"(x,D)R™ =+ T" + T¥, (22)

where T} : HIRP(RY) —  HH*ORP(R?Y) with ¢ = o(R) > 0 and operator T
H*IRP(RM) — HM1IRP(R™) satisfies ||T2']| < 1. Denote

R":=R™UI+Ty™".

Then the following holds:
P"R" =1+T", (23)

where T : H*RP(R") — H**RP(R") with some o = o(R) > 0.
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For m > mq denote

l—max(a:yi) l—max(a:p[))
i i

— a2 (Xm)q(Xm)

P™(x,D) := Z [wm(x) (a?,(x)q(x)
aeR

1-max(a:u’)
+a5 ()q(xm) De.

Similarly as in the proof of Theorem 3.3 we can take m( big enough such that for m > my
operators P : H’;”’R”’ R" — H’,;’R’p (R™) have uniformly bounded inverse operators R" :
HERP @R — HEVRP (R,

Consider

Rf = ) iR eif), f € Hi*"(®"). (24)
=0

Taking into account that the norms of operators R’ : H’;’R’p ®R" — H];H’R’p R™) are
uniformly bounded, g € QX and the properties of functions {Oml > W),y it is easy to
check that R is a bounded linear operator, acting from HIq"R’p R" to H];'I’R’p (R™). Similarly
to the proof of Theorem 2.6 from the work [20] it can be checked that R : Hl;’(R”’ R") —
H](;H’R’p (R™) is a right and left regularizer. Then, from Theorem 3.4 we get that operator
P(x,D) : HS“’R" (R") — H/;,qz,p (R™) has a finite dimensional cokernel. Applying Corollary
3.1, we get that operator P(x,D) : H];“’R’p R" — HIq"R’p (R™) is n—normal. So, operator
P(x,D) : H, P ®") — H®” (R") is a Fredholm operator. O

Denote

Ker (P; H];’R’p) = {u € HSH’R’P (R™) : P(x,D)u = 0} ,

Im (P; Hy™") = {f € Hy®" (R") : Ju e H," ™7 (R") P(x,D)u = f},

coker (P H; ") := Hy™” ®")1m (P: H; "),

ind (P; H](;’R’p ) := dim Ker (P; H;’R’p ) — dim coker (P; H";’R”’ ) )

Corollary 3.2 Let k € N,q € Q"R and P(x,D) be the differential form (4) with the coeffi-

cients that satisfy |llim \m2|1x1 la%(x) — a(y)| = 0 for all « € R.
x| =00 [x—y|<

Then for ki,k, € N such that 0 < k; < k, < k operators P(x,D) : H’,;'H’R"” R" —
H’;"R’p (R™) and P(x,D) : H];ZH’R”’ R" - HZ?‘R”’ (R™) are Fredholm operators and

dim Ker(P; Hy ") = dim Ker(P; Hy"*"),
dim coker(P; Hy"*”) = dim coker(P; Hy™*"),
ind(P; HY®P) = ind(P; HE ™),

Proof. From Theorem 3.5 we get that P(x,D) : H’,;‘“’R’p R" — H]‘;"R”’ (R™) and P(x,D) :
H;‘ZH’R” R" - H’;Z’R‘p (R™) are Fredholm operators which have the regularizer (24). Then
forall u € H'q‘”m’p (R™) we have
RP(x,D)u=u+ Tu, (25)
k

where T : H];'H’R’p (R") — Hq'H’(R’p (R™) is a compact operator.
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Since H];Z“’R’p (R™) is dense in H’;‘”’R’p (R™ when k, > k; and T is a compact operator,
applying Theorem 8.3.9 from [24], we get the following representation:

T=T +T,,

where T : HI,;'H’R”” R — Hl,;

HY R (R,
Applying (I + T1)™" to the both sides of (25) , we get

LRP (RY), such that [T1]] < 1and T, = HE*% @Y —

I+T)'RPu=u+UI+T)" Thu.

Let u € Ker (P Hy ™). Then u = — (I + T1)™" Tou € Hy™ %7 R?).
So, it is proved that Ker (P; H’;"R’p ) c Ker (P; H’;Z"R’p ) Since k; < k, we also have
Ker (P; HI;Z’R"’ ) c Ker (P; H';"R’p ) Thus, we obtain

dim Ker (P; H]‘;“R’p ) = dim Ker (P; H]‘;Z’R’p ) (26)

The similar equality can be checked for the kernels of adjoint operators. Applying Theo-
rem 8.2 from [22], we get

dim coker (P; H’;"R’p ) = dim coker (P; H]q{z"k”p ) 27
From (26) and (27) we get
ind (P; H](;"R"’) = ind (P; H];Z’R’p).
]
The results from Theorems 3.2, 3.3, 3.5 and Corollary 3.2 can be summarized in the

following way:

Theorem 3.6 Let k € Z,,q € Q"R and P(x, D) be the differential form (4) with the coeffi-

cients that satisfy |l‘im lmaTxl a8 (x) — a%(y)| = 0 for all @ € R. Then the following statements
x| =00 [x—y|<

are equivalent:
1. Operator P(x,D) : H’;H’R’p R" — H’;’R’p (R™) is a Fredholm operator;
2. There exist constants C > 0 and N > 0 such that:

k+1,R,
lelles1 z g < C (IPuller pg + il k) - Vou € Hy 5P @),

3. P(x,D) is regular in R" and there exist constants 6 > 0 and M > 0 such that

1-max(a:u/
S @A T | 5 5+ 1), Ve € R A > 0,1 > M.

aeR

Whenever the conditions hold, the kernel, the cokernel dimensions and the index of operator
P(x,D) : H’;H‘R’p R" — HS’RP (R™) do not depend on the choice of k.
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