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1 Introduction

The purpose of this paper is to provide sufficient conditions for ¥—asymptotic equivalence
of the W—bounded solutions of two Lyapunov matrix differential equations with modified
argument

Z' = A(HDZ + ZB(1) €))

7' = A()Z + ZB(t) + F(t, Z(g(1))), t > 1. 2)

These conditions can be expressed in the terms of fundamental matrices of the matrix
differential equations
X =A0X 3)

Y = YB(®) (€]

and on the function F.

Here, ¥ is a matrix function who allows obtaining a mixed asymptotic behavior for the
components of solutions of the matrix differential equations.

History of the problem. In many papers in the field of differential equations have been
studied the asymptotic equivalence of the (—)bounded solutions of two (Lyapunov matrix)
differential equations. See, for example, [2], [3], [5], [8], [9], [11], [14] and in the references
there.

In paper [11], the author consider the vector differential equation

x' = A@)x (5)
and the perturbed equation with modified argument

y' =A@y + [, yg®)). (6
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The author demonstrated in Theorem 2.1, [11] that under some conditions, for every bounded
solution x(t) of equation (5), there exists a unique bounded solution y(t) of equation (6) such
that

lim | y(®) - x(1) |= 0. (N

The present paper extend these results in three directions: from systems of differential
equations to Lyapunov matrix differential equations with modified argument, the introduc-
tion of the matrix function ¥ that permits to obtaining a mixed asymptotic behavior for the
components of solutions and in connection with the belonging to space L" of solutions.

The main tools used in this paper are a fixed point theorem via strict h-contraction and the
technique of variation of constants formula combined with Kronecker product of matrices and
Holder’s inequality, which has been successfully applied in various fields of matrix theory.
See, for example, the cited papers and the references cited therein.

2 Preliminaries

In this section we present some basic notations, definitions, hypotheses and results which are
useful later on.
Let R? be the Euclidean d — dimensional space. For x = (x1, X2, ..., Xg)T € RY let| x| =
max{| xi|,| x3l, ..., | x4/} be the norm of x (here, T denotes transpose).
Let Mx4 be the linear space of all real d X d matrices.
For A = (a;j) € Myxq, we define the norm | A | by formula | A | = sup || Ax || . Itis
IIxli<1

d
well-known that | A | = max{ }’ | a;jl}.
I<i<d j=1

In this paper, we assume that A and B are continuous d X d matricesonR, andg : R, —
R, and F : Ry X Myxqg — Myxg are continuous functions.

By a solution of equation (2) we mean a continuous differentiable d X d matrix function
Z(1) satisfying the equation (2) for all # € R, = [0, 00)

LetV;: R, — (0,00),i=1,2,...,d, be continuous functions and

Y= dlag [T],Tz, o lPd]
A matrix P is said to be a projection if P?> = P.

Definition 2.1 ([7]). A vector function ¢ : R, — RY is said to be VY—bounded
on Ry if Y(@)e(t) is bounded on R, (ie. there exists m > 0 such that
[| Y(O)e(t) || < m, for all t € R,).

Otherwise, is said that the function ¢ is Y—unbounded on R,.

Definition 2.2 ([7]). A matrix function M : R, — My, is said to be Y— bounded on R, if
the matrix function Y(t)M(t) is bounded on R, (i.e. there exists m > O such that | Y(t)M(¢) |
<m,forallt e R,).

Otherwise, is said that the matrix function M is Y— unbounded on R .

Remark 2.1 [. The Definitions extend the definitions of boundedness of vector and matrix
functions.

2. For Y = I, one obtain the notion of classical boundedness (see [4]).

3. Itis easy to see that if ¥ and ¥~" are bounded on R, then the Y—boundedness is equivalent
with the classical boundedness.
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Definition 2.3 ([1]) Let A = (a;j) € Myx, and B = (b;j) € Mxy. The Kronecker product of
A and B, written A ® B, is defined to be the partitioned matrix

aynB apB -+ ayB

Clz]B ClzzB ce aan
A®B = .

amlB amZB e amnB

Obviously, A ® B € M, pxng-
The important rules of calculation of the Kronecker product are given in [1], [10] and Lemma
2.1, [7].

Definition 2.4 (/10]) The application Vec : M,,x, — R™, defined by
(VEC(A) = (all’ azl, a1, 12,022, s Am2, " 5 Alps A2ps " *° amn)T’
where A = (a;;) € Myyxn, is called the vectorization operator.

For important properties and rules of calculation of the Vec operator, see Lemmas 2.2,
2.3,2.5,[7].

For "corresponding Kronecker product system associated with (2)", see Lemma 2.4, [7].

The Lemmas 2.6 and 2.7, [7], play an important role in the proofs of main results of
present paper.

Now, we remember the notions of strict h-contractions and strict comparison functions
which are useful in the proof of our main results.

Definition 2.5 ([12]) The function h : R, — R, is a strict comparison function if satisfies
the following conditions:

i). h is continuous,

ii). h is monotone increasing,

iii). Jl_)ngo h'(t) =0, forallt >0,

). }Lr?o(t — h(t)) = co.

Let (X, d) be a metric space and f : X — X an operator.

Definition 2.6 ([12]) The operator fis called a strict h-contraction if satisfies the following
conditions:
i). his a strict comparison function,

ii). d(f(x), f(y)) < h(d(x,y)), forall x,y € X.

Theorem 2.1 ([12]) Let (X,d) be a complete metric space and f : X — X a strict h-
contraction. Then, fis Picard operator.

At the end of this section, we recall Lemma 2.1 ([8]) which is useful in the proofs of our
main results. This Lemma is a generalization of Lemma 10, [6], Lemma 1, [4], (p. 68) and a
Lemma from [13].

Lemma 2.1 Ler U(t) be an invertible d X d matrix which is a continuous function of t on R,
and let P a projection, P € M jxg.

Suppose that there exist a continuous function ¢ : Ry — (0, 00) and the constants M > 0 and
p > 1 such that

f (¢(5) 1 ¥OUOPU ()97 (5)1) ds < M, fort > 1520

fo
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and f,:O @P(s)ds = oo.
Then, there exists a constant N > 0 such that

_ -1 (" provge
| POU@P |< Ne PP 8 @O ot > 1.

Consequently, }im | Y(@®U@)P |= 0.

3 Main results

The purpose of this section is to give sufficient conditions for ¥ — asymptotic equivalence of
the ¥ — bounded solutions of two pairs of matrix differential equations, namely (1) - (2) and
(3)-(®).

The first result is motivated by the Theorem 2.1, [11].

For 7y > 0, we consider the equation (3) and perturbed equation

Z' = AOZ + F(t,Z(g(1))), t > 19, ®)

Theorem 3.1 Suppose that:
1). There are supplementary projections Pi, P, € Myxq, a continuous function ¢ : Ry —
(0, 00) that satisfies the condition Lm(go(s))qu = +o0, g > 1, and a constant K > 0 such
that the fundamental matrix X(t) for the linear matrix differential equation (3) satisfies the
condition .

e [FOXOP X (0¥ ()| s+

+ [ le() [FOX(0)PX ()P (s)[14ds < K,

forallt > ty > 0, where ty is sufficiently large;
2). There exist a strict comparison function h : R, — R, and a function A(t) € LP([ty, 00)),
p > 1 with 117 + é = 1, such that

¢~ (O | YO (F(t,Z1) = F(t,Z2)) |< Ah (| V(1) (Z) = Z2) )

forallt > ty, Zy,Zy € Myxq;

3). 7M@) | Y(F(1,0) |€ LP([to, 00));
4). |POP N g) 1< 1, forall t > ty;
5). The function w = w(t) given by

w(®) = ([ lp(s) [FOXOP1 X ()97 (s)|19ds)" +

+ ([ 160) X P,X (5997 ()] 19d5)"

belongs to L ([ty, >)), 1 < r < oo,

Then, corresponding to each Y- bounded solution Zy(t) of equation (3) for which Y(¢)Zy(t)
belongs to L' ([ty, 0)), there exists a unique WY— bounded solution Z(t) of equation (8) for
which Y()Z(t) belongs to L ([ty, )) and

lim [¥(2) (Z(1) = Zo())] = 0. )
Conversely, to each Y— bounded solution Z(t) of equation (8) for which Y(¢)Z(t) belongs to

L’ ([tg, 00)), there corresponds a unique Y— bounded solution Zy(t) of equation (3) for which
Y(1)Zy(t) belongs to L' ([ty, >)) such that (9) holds.
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Proof. We prove this theorem by means of the above Theorem 2.1.
Let 7y > 0 be such that ft:o A@)P dt <27PKPl4,
Consider the space

Cy ={Z : R, — Myxy | Z is continuous and ¥ — bounded on [y, o)} .

Cy is a Banach space with respect to the norm | Z |¢= sup | Y(H)Z(?) | .
[2<0)

For a fixed W—- bounded solution Zy(#) of equation (3), define the operator
T:Cy — Cyg, by

(T2)(0) = Zo(t) + [ X(OP1X " (5)F (s, Z(g(s))d s~

— [T XOPX T (5)F (s, Z(g(s))ds, t > to.

From hypotheses, TZ exists and is continuous differentiable on [#, 00).
Indeed. forv >t > 1,

| () [ X(OP X (5)F (s, Z(g(s))ds |=

= [T POXOP X ()P ()P ()F (s, Z(g(s))ds |<

< [ es) [ POX@PX (s)W7! (5) | FEELZAD g5 =

_ f go(s) | ‘P(I)X(I)PZX‘ ()P~ 1( )| \‘I‘(Y)[F(vz(g(s‘);()s)F(s 0)+F(f0)]\ds <

< f QO(S) | \IJ([)X([)PZX I(S)\P I(S) | [P(s)[F (5., Z(g(f)))wi()s O+ () F (s, O)IdS <
< [T @(9) | WOXOPX ()P (s) | FALELZGONTEON g5

+ [ els) ' POX0)P2X () (s) | FEEds <

< [T e(s) ' POXOPX ()27 (5) | Ah(| P()Z(g(5)) D s+

+ [ () EOXDOPX ()8! (5) | FEEds <

< ["e(s) | POX@OPX ()27 (s) | A(h(| Z |w)ds+

+ [ () | FOXOP2X (¥ (s) | T ds <

<h(Zlw) - [ e(s) | WOXOPX ()97 (5) | A(s)ds+

+ [ @) IPOXOPX ()7 (5) | FOds <

<h( Z ) - [ [ () | POXOPX (508 () 1) ds] - [ 7 acsyy ds] "7
[ () 1 POX@OPX (578 ) 1) ds] - [ [ (LY ] TP <

@(s)

<h(Z|y) K. [ftv(/l(s))pds]l/p L KVa. U;’(W)pds]”p.

(I used the estimate /(| ¥()Z(g(n) |) = h(| ¥(OF~ (@) F(g(1)Z(g(1) |) <

< h(IPOY T g@) |- 1 P(gNZg®) ) < h(| PgO)Z(g(0) ) < h(| Z |w)).
From hypotheses, it follows that the integral

f " X(OP.X " (9)F (s, Z(g(s)ds

is convergent for all Z € Cy and ¢ > 1.

Now, from hypotheses, TZ exists and is continuous differentiable on [#y, o).
This operator T has the following properties:

a). T maps Cy into itself (i.e, T is well defined).

Indeed, for Z € Cy and ¢t > 1y,

| Y)(TZ)@) I<|W(DZo(2) | +

+ jfz (p(S) | LP(I)X(I)P]X_I (s)\y—l (S) | |\I’(5‘)[F(S‘,Z(9(Y:Z()S)F(Y LO)+F (s, 0)]|ds+
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+ jt‘m (p(S) | W(OX(H)P, X~ I(S)\P l(s) | |P(s)LF (s, Z(g(SBEY)F(S L0)+F(s,0)]l ds <

< Zo v +h(1 Z ) - [} @(s) | POXOPIX ()71 (5) | As)ds+

+ [ () | POXOPIXT () () | (7 (5) | B()F(s,0) |)dis+

+h( Z 1) - [ @(s) | POXOPX (¥ (5) | As)ds+

+ 7 @(s) | POXOPX ()P (5) | (97! () | P()F(5,0) |} ds <

<l Zo ¢ + y

0 Z 1) - [ () 1 BOXOP X (987 ) ) as] - [ ff sy ds] ' +

(1 Z ) - [ [ (¢(s)|\P<t)X<t>P2X*1(s>W*1<s V1) ds] [ sy ]
t 4 $)F (s, 1

# [ (o rox@PX 6w o 1 as] |7 () as] T+

+[J7 () 1 ¥OXOP X (5)¥71(s) 1) d ] [ (REOlY g

< Zo e +h(1 Z k) - 2KV [ 7 sy ds] '+

$2KY9 [ [ (7(9) | B)F(5.0) 1) ds] " < +oo.

b). T is strict h-contraction.

Indeed, for Z,,Z, € Cy and t > 1y,

PO (TZ)(0) - (TZ)®) |

< f QD(S) | T([)X(t)PIX I(S)\P I(S) | [P(s)F (s, Zl(g(;)())) F(s, Zz(g(s)))|ds+

+Jt‘ (,D(S) | \P([)X([)PZX l(s)\l,l 1(S) | [W(s$)F (s, Zl((/(;)()s)) F(s, Zz(l/(é)))\ds <

<h(lZi-2lw)- f,: ¢(s) | YOXOP1 X ()7 (5) | As)ds+
+h(1 Zy = Za L) - [ () | POX@OPX ! (5)¥71(5) | As)ds <

<2012~ 2o ly) K[ 7 sy ds]

<h(1 Zy = Z; |w).

Thus, | TZ, —TZ, < h(| Z, — Z, |y) for all Z;,Z, € Cy.

From Theorem 2.1, we obtain that there exists a unique fix point of T in Cy.
This unique fix point Z(t) of T is solution of equation (8).

Indeed, for ¢ > 1y, we have

Z'(t) = (TZ(1) = Zy(n+

+ f,(: X' (NP1X ™ (5)F (s, Z(g(s))ds + X(OP1 X~ () F (1, Z(g(1)))~

- ftoo X' ()P, X~ ()F (s, Z(g(s)))ds + X(O)P, X~ (1) F (1, Z(g(1))) =

= A Zy(1)+

+ ft(: AOXOP1 X ($)F (s, Z(g(s)))ds — ftm ADOXOP X ($)F(s, Z(g(s)))ds+

+X(1) (P1 + Py) X" (F (1, Z(9(1))) =

= A1) (TZ(0) + F(t, Z(g(1))) = ADZ(1) + F(1, Z(g(1))).

Let Z(t) the unique solution of equation (8), correspondent to ¥— bounded solution Zy(f) of
equation (3) for which ¥(¢)Zy(t) belongs to L"([ty, ©0)).

From hypotheses, for a given &£ > 0, we can find #; > fy such that

]1/17

00 1/p c
4 -
U (A ds] = 6Kh( Z Iy)

and

1/p

[ f (¢7'() 1 B(5)F (5.0 1) ds} < @.

6
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In addition, from Lemma 2.1, we can choose t, > | such that

| Y()X(H)P, |< SiM fort > 1,

where M = fttl | X"N()P~(s) || P(s)F (s, Z(g(s))) | ds.

Then, for t > 3‘2, we have

[¥(0) (Z(1) = Zo)| = [¥(1) (TZ)(1) = Zo(N))] <

< flol | YOX(OP1IX ()P (5) | P()F (s, Z(g(s) | ds+

+ f,lt ¢(s) | YOXOPIX ()P (5) | 97 (9) | W()F (5, Z(g(5)) | ds+
+ [T @(s) | FOXOP X ()P (5) | 97! () | ()F (s, Z(g(s))) | ds.
We now give an estimate for these three integrals:

I = f,: | YOXOPIX ()Y () | - | W()F (s, Z(g(s)) | ds <
<|Y(O)X(0)P | f,;] | X7 ()¥ ™" (5) | - | P($)F (s, Z(g(s))) | ds <

S sy M=5, fort>n.

I = flf ¢(s) | POXOPIX ()P () | ¢7' () ' P($)F (s, Z(g(s) | ds =

— f,]t (,D(S) | lP([)X(f)P]X_l (S)\P—l(s) | \‘I‘(s)[F(s,Z(g(s‘);();)F(s,0)+F(s,O)]\ ds <

<h(Z1w)- [ @(s) | POXOPIX ()P (s) | A(s)ds+
+ [ () | POXOPIX (P () | (¢71() | W(s)F (5, 0) [) ds <
<h(1 Z1w)- [ [} (o) | EOXOP X (508 ) 1) ds] - [ [ sy ds]

+[J l’ (¢(5) 1 POXOP X (¥ (9) 1)’ ds]”" 10 ]’ (W)p ds]l/ "<

<h(Z|y)- K" Ut: (A(s))? ds]]/p + Kla. [fz,l (<p_1(s) | W(s)F(s,0) I)p ds]l/p <

1 1 —
Sh(|Z|l}l)'K/q'W(|ZM+K/q'6KLIM—%:,fOI't>[2.

L= 7 o(s) | POXOPX () (s) | 7' (5) | W($)F (s, Z(g(5))) | ds =
— jl"x’ QO(S) | \P(I)X(I)PQX_I(S)‘I’_I (S) | |\F(iY)[F(iYsZ(.(/(S‘);()S—)F(Ss0)+F(5»0)]|ds <
<h(Zly)- f,w @(s) | POXOP X' ()P () | A(s)ds+

+ 7 @(s) | POXOP X ()P () | (@7 (s) | P(s)F(5,0) |) ds <
<1 Z 1) - [ (e(9) | BOX@OPX 0% () ) ds] - [ 7 o) ds] +

7 () POXOPX (0¥ (o) [ ds| - [ (Hereony? g ) <

00 1/ ) 1/
<h(Zly) K9 [ [T QspPds| "+ KV [T (07 () 1 B()F(s,0) 1) ds| <
<h(Zly)- K4 Ny SR
It follows that

,fort > 1.

. &
6K'1h(Zly)

W) (Z(¥) — Zp(1))| < &, fort > t,.
This shows that
tli)rgo [P(1) (Z(1) = Zo()| = 0

and (9) holds.
To prove the next statement of the theorem, consider a ¥— bounded solution Z(#) of (8).
Define .

Zo(1) = Z(1) - flo X()P1 X~ (5)F (s, Z(g(s)))ds+

+ [T X(OP X (5)F (s, Z(g(s))ds, t > to.

With the previous arguments, one can show that Zy(¢) is a unique ¥— bounded solution of (3)
such that (9) holds.
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The remainder of the proof demonstrates that W(#)Z(¢) belongs to L'([ty, o)) provided
Y(#)Zy(t) belongs to L"([ty, o)) and conversely.
The fix point of T gives the correspondence between the solutions Zy(¢) and Z(¢) :

Z(6) = Zo(0) + [ XWOP\ X" (5)F (s, Z(g(s))ds—

= [T X(O)P X7 ()F (s, Z(g(s))ds, t > to.

From this and Holder’s inequality, we obtain (for t > 1j) :
| ‘Il(f) (Ze) - 2@ I [Y($)LF (5. Z(g(s))—F(5,0)+F (5,0l
< [ 0(s) | WOXWPIX ! (9)¥7' () | HALLAOD OO0 .y

+ ft"" @(s) | ‘I’(t)X(t)PZX_l(s)‘P_I(s) | I‘i’(S)[F(s,Z(g(S‘);()S—)F(&O)JrF(s,O)]Ids <
<h(Z1w)- [ @(s) | FOXOP X ()7 (s) | A(s)ds+

+ [ () | POXOPI X ()P(s) | (¢7(5) | B()F(s,0) ) dis+

+h(1 Z 1) - [~ @(s) | POXOPX ()P (5) | Als)ds+

+ [7 () EOXOPX ()P ()| (7 () | W()F (s, 0) [) ds <

<h(1 Z 1)< [ [/ (¢ 1 ¥@XOP X (97 [ ds] [ f s as] "+

+[ [ (e 1 POXOPIX ()97 (5) 1) ds]”” A0 (%)” ds]l/" +
(1 Z 1) - [ (e09) 1 BOX@OPX (502 () 1) ds] - [ [ sy ds] 7 +

7 (009 TROXOPX (509 (5) ) ds] - [ [ (L1 ] 7 <

<H- o), -
where H = h(| Z |y) - [ft:o (A(s))? ds]l/p + UI:O (go‘l(s) | W(s)F(s,0) |)[7 ds]l/p is a constant,
for a fixed Z(t).

It follows that
| Y()Z(t) |<| Y (1)Zy(t) | +H - w(t), fort > 1.

Since ¥(#)Zy(r) and H - w(t) belong to L"([#g, o)), the function ¥(#)Z(#) belongs to L' ([#y, 00)).
The converse follows similarly. ®

Remark 3.1 If we put

USRI 3| htz Aty - filt,2)

2 22 2 Lt fHt - L2
zo=f. . . . |F&D= : : : : ’

4 Zd fat,2) fat,2) - fa(t,2)

and ¥ = I;, we obtain Theorem 2.1 from [11]. Thus, Theorem 3.1 generalizes and extends
Theorem 2.1 from [11] in three directions: from systems of differential equations with mod-
ified argument to matrix differential equations with modified argument, the introduction of
the matrix function ¥ that permits to obtaining a mixed asymptotic behavior for the compo-
nents of solutions of the above equations and in connection with the belonging to space L of
solutions.

The object of the next Theorem is to obtain new results in connection with ¥— asymptotic
equivalence of two Lyapunov matrix differential equations with modified argument, namely
(1) and (2).
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Theorem 3.2 Suppose that:

1). There exist supplementary projections P, Py € Myxq, a continuous function ¢ : R, —
(0, 00) that satisfies the condition fooo(go(s))qu = 400, g > 1, and a constant K > 0 such
the fundamental matrices X(t) and Y(t) for the linear matrix differential equations (3) and (4)
respectively satisfy the condition

[1e|(F o0y (9) & (FOXOP X (997 ()| l4ds+

+ [Tl (YO0 () ® (POXWPX ()% () 195 < K,

forallt > ty > 0, where ty is sufficiently large;
2). There exist a strict comparison function h : R, — R, and a function A(t) € LP([ty, 00)),
p > 1 with % + [1; =1, such that

1
¢~ O 1Y) (F(1,Z1) = F(t,22)) 1< /l(t)h(g Y1) (Z1 - 22) I)

forallt > ty, Z1,7Z, € Myxa;

3). ') | Y(O)F(1,0) | LP([1g, ©0));
4). | YOP (g(®) < 1, forall t > to;
5). The function u = u(t) given by

1

1 = ([T O 9) & (HOXOPX ¥ )| 19ds) +

([T (O™ ) 8 (POXOPX P! (s))\]qu)%

belongs to L ([ty, >)), 1 < r < oo,

Then, corresponding to each Y— bounded solution Zy(t) of equation (1) for which Y(¢)Zy(t)
belongs to L' ([ty, 00)), there exists a unique WY— bounded solution Z(t) of equation (2) for
which Y()Z(t) belongs to L ([ty, 0)) and

lim [¥(1) (Z(1) = Zo()] = 0. (10)

Conversely, to each W— bounded solution Z(t) of equation (2) for which Y(¢)Z(t) belongs
to L'([ty, 0)), there exists a unique Y— bounded solution Zy(t) of equation (1) for which
Y(1)Zy(t) belongs to L' ([ty, 0)) such that (10) holds.

Proof. We will use Theorem 3.1, variant for systems of differential equations and some
results from [7].

From Lemmas 2.4 and 2.6, [7], we know that Z(¢) is a ¥— bounded solution on R, of equation
(2) iff z(t) = Vec(Z(?)) is a I;®¥Y— bounded solution of the corresponding Kronecker product
system associated with (2), i.e. system

Z:@@A@+ﬂ®®@ﬂ”@&t2m 11

where f(t,z) = Vec (F(t,Z)), on the same interval R, .

We verify the hypotheses of Theorem 3.1, variant for systems of differential equations.

a). From Lemma 2.7, [7], we know that U(f) = Y7 (f) ® X(¢) is a fundamental matrix for the
homogeneous system associated with (11), i.e. system

7 =LA + B (e 1)z (12)
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With the help of Lemma 2.1, [7], we have

[@(s) | (1g ® ¥(0) U(t) Uy ® Pi) U™ (s) (Ig @ W(s)™" |11 =

= [¢(s) [(Y" Oy 9)) & (FOXOPX (97 )1,

fort,seR,andi=1,2.

It follows that the hypothesis 1) of Theorem 3.1 is satisfied with I;®%¥ in role of ¥, Y7 ()@ X (¢)
in role of X(¢) and I; ® P; in role of P;.

b). With the help of Lemma 2.5, [7], we have, for t > #y and z1, 25 € R"z,

¢ | Lg @) (f(t,21) = f(1,22)) II=

=7 (1) | g ® ¥(0) (Vec (F(t,Z1)) - Vec (F(t, 2y))) ||=

=7 () | U ®¥(0) Vec (F(t,Z)) = F(1,Zy)) |I<

<@ ) | W) (F(1,Z)) = F(t,2y)) |<

<AL (51¥0) (21 -2 |) <

S Al (e @ Y(1)) Vec (Z) = 2o) |)) =

= ADh (|| (La @Y (1) (21 —22) D).

Consequently, the hypothesis 2) of Theorem 3.1 is satisfied with I; ® ¥ in role of ¥ and f in
role of F.

¢). With the help of Lemma 2.5, [7], we have, for 7 > 1y,

¢ () I Ug @ Y(@) f(1,0) 1= o7 (1) || g ® ¥(1)) Vec (F(£,0)) |I<

< @' (1) | Y()F(1,0) € LP([to, ).

It follows that the hypothesis 3) of Theorem 3.1 is satisfied with I; ® ¥ in role of ¥ and f in
role of F.

d). With the help of Lemmas 2.1 and 2.7, [7], we have, for ¢ > f,

u = ([ (Mo 0) 8 (‘Pa)X(r)PlX‘l(s)‘P‘l<S>)|]q‘”)$ ¥
e (Yoo ) o (Fox@Px (2! (S))‘]"ds)% )

= ([/16(5) (14 @ P(0) U) (s © P1) U™ (5) Ly @ W) 19 +

+ (19| & Y0 U (La© P2 U7 (9 Uy @ 9(5) 10" =

= w(t)

Consequently, the hypothesis 5) of Theorem 3.1 is satisfied with /; ® ¥ in role of ¥, Y7 (f) ®
X(¢) in role of X(¢) and I; ® P; in role of P;.

We observe that the hypotheses of Theorem 3.1 are satisfied for in case of (11), in particular
case U(?), I; ® ¥ and 1; ® P; respectively.

Now, we finish the proof.

Let Zy(#) be a ¥— bounded solution of equation (1) for which W(#)Zy(¢) belongs to L™ ([, ©0)).
From Lemmas 2.5 and 2.6, [7], the function zo(#) = Vec(Zy(?)) is a I; @ ¥— bounded solution
of equation (12) and belongs to L"([#p, 0)). From Theorem 3.1, variant for systems, there
exists a unique I; ® ¥— bounded solution z(¢) of equation (11) for which (I; ® ¥(¢)) z belongs
to L"([#p, o)) such that

lim [(1q ® ¥(1)) (z(t) = 20(1))| = 0. 13)

From Lemmas 2.4, 2.5 and 2.6, [7], we obtain that Z(f) = Vec '(z(¢)) is a ¥— bounded
solution of equation (2) that satisfies (10) and belongs to L'([#y, ©0)).

For the last statement of Theorem, let Z(t) be a ¥— bounded solution of equation (2) for
which W(#)Z(t) belongs to L"([#y, 00)). From Lemmas 2.4, 2.5 and 2.6, [7], the function z(¢¥) =
Vec(Z(1)) is a I; ® ¥— bounded solution of equation (11) for which (I; ® ¥(¢)) z belongs to
L’([ty, c0)). From Theorem 3.1, variant for systems, there exists a unique /; ® ¥— bounded
solution zo(#) of equation (12) for which (I; ® Y¥(¢)) zp belongs to L"([#g, o)) and (13) holds.

10
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From Lemmas 2.4, 2.5 and 2.6, [7], we obtain that Zo(t) = Vec '(z0(r)) is a ¥— bounded
solution of equation (1) that satisfies (10) and belongs to L"([#y, 0)). m

Remark 3.2 The introduction of the function ¢ does not alter conditions (9) and (10) of the
theorems; this function ¢ can only serve to weaken the required hypotheses on F.

Instead, the introduction of matrix ¥ allows to obtain mixed asymptotic behaviors for the
components of the solutions of matrix differential equations.

Acknowledgement. The author is grateful to the anonymous referees for their valuable
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