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Extended curvatures and Lie pseudoalgebras
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Abstract. The aim of the paper is to prove that if some extended curvatures on
a preinfinitesimal module L, considered in the paper, vanish, then the derived
preinfinitesimal module LV is a Lie pseudoalgebra. Two non-trivial examples
are given. The first example is when L, is an infinitesimal module and the
second one is when L, is a preinfinitesimal module.
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1 Introduction

The Lie pseudoalgebras (see [5, 14, 22]) are generalizations of Lie algebroids [7, 13, 15, 25].
They are known also as Lie-Rinehart algebras (see, for example, [12]). Some less conditions
in the definition of a Lie pseudoalgebra gives more general structures, known under different
names and using different forms, but we use the most definitions in [21, 22, 25]. A general
‘definition gives rise to anchored modules, that correspond to anchored vector bundles con-
sidered in [19], as relative tangent spaces; the infinitesimal modules correspond, via vector
bundles setting, to skew symmetric Lie algebroids [17]; the preinfinitesimal modules cor-
respond on vector bundles to almost Lie vector bundles, called as almost Lie structures in
[16, 20, 23].

In [22] we define the (first) derived preinfinitesimal module of a given preinfinitesimal
module, and we use it in the present paper. We suppose that a linear L—connexion V with
a null torsion exists, using it in the background. Two extended curvatures of V are defined,
and we prove that a sufficient condition that the derived preinfinitesimal module LV be a Lie
pseudoalgebra is that both these two extended curvatures vanish (the main Theorem 3.1).

The main Theorem 3.1 is applied for two examples. In the first example Ej is an infinites-
imal module and the second one is when E; is not an infinitesimal module. The results are
algebraic versions of vector bundle constructions, using Lie algebroids and skew-symmetric
vector bundles [18].

2 Preinfinitesimal modules

Consider a commutative ring k and and a commutative and associative k-algebra A. When
L is an A—-module, we say also that (A, L) is a module. For example, we have the module of
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derivations on A, (A, Der(A)), where Der(A) is the k-module of maps X : A — A, such that
X(@a-b)=X@)-b+a-X(Ob).

A couple (L, p) is an anchored module if (A, L) is a module and p : L — Der(A) an A-
linear map, called an anchor (or an arrow). A triple (L, p, [Y, X]1) is a preinfinitesimal module
if (L, p) is an anchored module and [-, -], is a bracket, i.e. a k-bilinear map [-,-]p : LXL — L
which is skew symmetric, i.e.

Y, X1 = —[X, Y],

V)X, Y € L and fulfills the property
[X,a-Y],=pX)a)-Y+a-[X,Y],,(MX,YeL,aceA.
Consider now the maps
D:LxLZ I* - Der(A),D(X,Y) = [p(X),p (V)] - p (X, Y],)

and
Tl > LI XY2) = Y X[V Zl.

circ

As for example in [6]) T is called the Jacobiator of the bracket [, -];.
In general, on a preinfinitesimal module L, P is A-linear in all its arguments, while 7 is

not.

If the compatibility condition for brackets, D = 0, holds, then L is called an infinitesimal
module.

An infinitesimal module is called a Lie pseudoalgebra if the Jacobiator of the bracket
vanishes.

For sake of simplicity, we denote simply by L a structure on L.
All their properties can be summarized as follows. The proofs are straightforward and
follow by direct computations.

Proposition 2.1 Let L be a preinfinitesimal module, with a skew-symmetric bracket. Then
the followifng statements hold true:

1. The map D is A-bilinear and skew symmetric.

2. The map g is skew symmetric and J1 (X, Y, fZ) = DX, Y)()Z + fI.(X,Y,Z),
M feAand X,Y,Z € L.

3. The map J, is A-linear in all its arguments iff L is an infinitesimal module.

4. The map J, vanishes iff L is a Lie pseudoalgebra.

In the particular case of infinitesimal modules we obtain as follows.

Proposition 2.2 For a preinfinitesimal module L with a skew-symmetric bracket, the follow-
ing conditions are equivalent:

1. L is an infinitesimal module;
2. D=0,
3. g1 is A-linear in all its three arguments.

The Jacobiator 1 vanishes iff L is a Lie pseudoalgebra.
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The map D can be seen as well as an anchor p” : L A L — Der (A),
PP XAY)=DXY),

where L A L denotes the exterior two product module of L over A.
Consider now an anchored module L and let (A, M) be a module. A linear L-connection
on MisamapV :LX M — M that verifies Koszul conditions:

fos = foS, V(X+x/)S = VxS + VX/S,
Vx (fs) =pX)(f) s+ fVxs,Vx(s+5) = Vxs + Vx5,

MWMX, X" eL,s,s"eM, feA.

We suppose that such a linear L—connection V exists.

Consider now that L is a preinfinitesimal module. The curvature of V is the map R :
L?> x M — M, given by the formula

R(X,Y)s =VxVys —VyVxs —Vixy),s,
MMX,YeLandse M.

Proposition 2.3 Let L be a preinfinitesimal module, (A, M) be a module and V be a linear
L-connection on M. Then the formula Rx,ys = R(X,Y) s defines a linear L A L—connection
on M, according to the anchor p™.

Now let us consider the particular case of an L—connection V on an anchored module
. def. . .
L. In this case [-,-]; : LXL — L, [X,Y], 2 VxY — VyX, is a bracket on L, so L is a
preinfinitesimal module.
When L is a preinfinitesimal module, we can consider the forsion of an L—connection V
as a map

T:1>’> 1L,

given by
TX,Y)=VxY-VyX-[XY].

The curvature of Vis R : L> — L, given by
R(X,Y)Z = VxVyZ — VyVxZ - Vixy,Z & VxuvZ,

(V)X,Y,Z € L. Then R defines a linear L A L—connection V" on L, according to the anchor
P
def.
V4 v Z DV Z.

Using the formula

VO (ZAW) = ViayZ AW+ Z AVipyW ' Vyay (Z A W)

A

we get a linear L A L—connection V™ on L A L, according to the anchor p”.
Notice that when the torsion of V vanishes, then

[X, Y], = VxY — VyX. 1)
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3 The derived preinfinitesimal module

Let (p, L) be an anchored module such that there is an L-connexion V on L. Thus L is a
preinfinitesimal module and V has a null torsion.
On the module L' = L ® (L A L) there is an anchor given by the formula

PPX+ (Y AZ) =pX)+p" (¥ ANZ)

and an L"—connection V? on L, according to the formulas

1
V§§>Y:VXY+§X/\Y, VO (Y AZ) =Vx (Y AZ)=VxY AZ+Y AVyZ )

M
VX/\Y

Z=VxwZ V) (ZAT)=Vxpy (ZAT).
A bracket on LV according to the anchor p") can be given by
[U, V1w = V)V - VDU
More exactly, the bracket on L is given explicitly by the formulas

[X. Y], = [X, Y]t + X AY,
[XAY,Z]y0) = VxayZ =V (X AY), 3)
[XAY,ZATl = Vyrny ZAT) = Vs (XA Y).

According to [22], the preinfinitesimal module (L"), o™V, [-,-],0)) is called the (first) derived
preinfinitesimal module of (L, p), given by V.

Proposition 3.1 Let us ‘ose the linear L-connection V on the preinfinitesimal module L has
no torsion. Then the following properties hold true:

1. DVX,Y) = [pVX), PPN = pO(IX, Y]gw) = 0, ()X, Y € L.
290X, Y,2) =0, (V)X, Y, Z € L where TV is the Jacobiator of [, 1.

We are going to show that the identical non-vanishing components of the Jacobiator on
L can be expressed using two other curvatures involving V, that we define below.
For this, let us consider

XY, ZW) >RXZAW)Y L VYV, wY = VowVxY = Vozan Y + Vy,x Y.
RZAWX) Y'Y _RX,ZAW)Y
and
XY, ZW,U) » RXAYLZAW)U L Vyy Vol = Vi Var U=
V@il + Vy,gxanU.

called the first extended curvature and the second extended curvature respectively.
If feAand X,Y,Z, W, U € L, then we have
FXAY)=fXAY=XA(Y),
RX,ZAW)Y =-R(ZAW,X)Y,
RUX,ZAW)Y=RX,f(ZAW))Y =fR(X,ZAW)Y,
RX,ZAW)(fY)=DVX,ZAW) ()Y + fRX,ZAW)Y 4)
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and also

R(XANY,ZAWYU=RXAY,fZAW)U = fRIXAY,ZAW)U,
REXAY,ZAWY(fU) =DV XAY,ZAW)()U + fR(IXAY,ZAW)U. 5)

According to their properties, we can consider

RXZAWNXAD L RXZAWYAU+YARX.ZAW)U,

RXAY.ZAWUAV) L RXAY.ZAWU A V+
UARXAY.ZAW)V.

Proposition 3.2 If L is a preinfinitesimal module and X,Y,Z, W, U,V € L, then

IJVXY,ZAW)=R(Y,ZAW)X-R(X,ZAW)Y,
JVWUXANY,ZAW)=R(U,XANY)(ZAW)-
RWU,ZAW)(XAY)+
RXAY,ZAW)U,
TJVXAY,ZAWUAV)=RXAY,ZAW)(U AV)+
RZAW,UAV)(XAY)+
RWUANVXAY)YZAW).

Proposition 2.2 used for L gives the following true statement.

Proposition 3.3 If L is a preinfinitesimal module, then the following conditions are equiva-
lent:

1. LY isan infinitesimal module;

2. DV =0;

3. I is an A-linear form.

The map JV vanishes iff (LD, pV, [-,-1,m) is a Lie pseudoalgebra.
We can explicit condition 2. as follows.

Proposition 3.4 Let L be a preinfinitesimal module. The condition that L'V is an infinitesimal
module is expressed by the relations

o X)), DEZW)]-D(Vx (ZAW))+p(VzwX) =0, 6)
(DX, Y), DEZW)] =D (Vxay (ZAW) = Vzw (X AY)) =0, (N

MX,Y,Z,W e L.
In particular, when L is an infinitesimal module, we obtain as follows.
Corollary 3.1 If L is an infinitesimal module, then LV is an infinitesimal module iff
pR(X,Y)Z) =0,

X, Y,Z e L.
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Proposition 3.5 Consider a preinfinitesimal module L. If L'V is an infinitesimal module,
then both extended curvatures are A—linear in their arguments.

We can prove now the main result of the paper.

Theorem 3.1 Let L be a preinfinitesimal module. If LV is an infinitesimal module and both
its extended curvatures vanish, then L'V is a Lie pseudoalgebra.

Effectively, the conditions in the hypothesis of the above theorem are expressed by the
relations (6), (7) and

RX,ZAW)Y=RXANY,ZAW)U =0, ®)
MX,Y,Z,W e L.

4 Some examples

We consider below two relevant examples. They are the algebraic forms of the two examples
presented in [18].

In the first example we consider an infinitesimal module L that is not a Lie pseudoalge-
bra, and we prove that its derived preinfinitesimal module Lél) is a Lie pseudoalgebra.

In the second example we consider a preinfinitesimal module L; that is not an infinitesi-
mal module, but its derived preinfinitesimal module L(ll) is a Lie pseudoalgebra.

We proceed now with the first example. Let us consider Ag = F (R”) the real algebra of
smooth functions on R"” and the Ap—module Ly = M, (Ap), where M, (Ay) is the set of square

n—matrices with Ag—entries. The anchor p on L is defined in every point X = (xl yenes x”) by
. N2 0

X/)=(x) —. 9

p(X)) = () 55 ©)

The image by p of Lo generates the whole tangent space T3R" for X # 0 and {0} c THR"
for x =0 = (0,...,0). A matrix in Ly is in ker p iff it is an F (R")-combination of sections
N2 N2

Xij = (x/) X;C - (x’) X,i where 1 <i < j,k < n. We notice that these @ sections do not
generate a (regular) vector subbundle of TR".

Associated with the above anchor, we consider the bracket [-,-];, defined on generators
by

X} 1], = 225X} - 26X

and the linear Ly—connection V on L, defined on generators by

VX, = 2x"64X;.

We have p ([Xj., X;‘]L ) = [p (X}) 0 (Xlk)], thus (Lo,p, [- ~]L0) is an infinitesimal module.
0
The curvature of V is linear in all arguments and

Vi Xy = 2, ji) ((x")2 Xk - (&) Xé) =2, j, ) X,

o \2 2.
where (i, j k) = 66} and X, = (') XF — (x*)" X
Since p(VX.-_ axtX | = 0, then using Corollary 3.1 it follows that the derived bundle

(Lél), oYL, -](LIO)) is an infinitesimal module as well. Using Proposition 3.5, it follows that
the extended curvatures are F (R")-linear in their arguments.
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Proposition 4.1 The Jacobiator of [-, -1y, is
o (X5 XEXY) = 2ot D) X + 2 (o0, K) Xt + 2.0, D) X
It follows that Ly is not a Lie pseudoalgebra.
Lemma 4.1 For Ly, both extended curvatures of V vanish.
Proposition 4.2 The derived preinfinitesimal module L(()l) is a Lie pseudoalgebra.

We proceed now with the second example. It shows that L is not necessarily a prein-
finitesimal module, in the hypothesis of Theorem 3.1.
Consider M = R¥"*! with coordinates {xi N7 Z}i—ﬁ and the vector fields

0 0 0 —
Xi=—-y—Yi=—,i=1,n 10
oxt y@z (9y’l " (10)

Their Lie brackets are given by
I:Xia Yj] = 6”%, [X,,XJ] = [Yl, Y]] = 0, l,] = 1,_n

Let L; be the module generated by {Xi, Yf}ij:ﬁ' The anchor p; : L} —» X (Rz”“) is the
natural inclusion. The corresponding bracket [-,-]" on L, is obtained extending the following
values on generators:

[x.v| =[x x| =[¥.v)] =0.i.j=Tn.

We consider also the linear Lj—connection V on L;, extending the following values on
generators: L
VX,-Yj = VXin = Vyl.Yj = O,i,j = 1,71.

We have D (X, 15) = [p1 060 (1) = s ([ Y] ) = X6 73] = 61157 thus (L, 1)

is not an infinitesimal module and the curvature R is not ¥ (R2”+1)—linear in all arguments.

Proposition 4.3 The derived preinfinitesimal module L(ll) is a Lie pseudoalgebra.

5 Conclusions

Some relaxed conditions in the Lie pseudoalgebra definition give rise to other kinds of struc-
tures (anchored modules, preinfinitesimal modules, infinitesimal modules). For a general
preinfinitesimal module, the Jacobiator can be non-null or nonlinear.

A new construction of Lie pseudoalgebras is considered in the paper. A linear connexion
V on an anchored module L gives a skew symmetric bracket, thus a preinfinitesimal module
structure on L and then on LV, the derived preinfinitesimal module of L. It is proved that the
Jacobiator of LV can be expressed using the curvature of V and also two extended curvatures
of V that are constructed here. In the main result of the paper we prove that if the two
extended curvatures vanish, then LV is a Lie pseudoalgebra. Two given examples show that
the result can be applied not only when L is an infinitesimal module, but also when L is a
preinfinitesimal module.
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