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Defining the speed independence of the Boolean asyn-
chronous systems

Serban E. Vlad!-*
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Oradea, Romania

Abstract. A discrete time Boolean asynchronous system consists in a function
@ : {0, 1}* — {0, 1}" which iterates its coordinates @y, ..., ®, independently of
each other. The durations of computation of @, ..., ®, are supposed to be un-
known. The analysis of such systems has as main challenge characterizing their
dynamics in conditions of uncertainty. For this, a very cited classical paper is
[1], where the fundamental concept of speed independence is introduced. The
point is, like in most of these cases, that the engineers receive from such a work
intuition, combined with a certain lack of rigor. Our aim is to try a mathemat-
ical reinforcement of the Muller’s theory of the asynchronous circuits, which
should be a modest homage, over time, to its authors.

A list of models used in asynchronous systems theory is given in [3]. The
mathematical tools used in this analysis may be found in [2].
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1 Preliminaries

Definition 1.1 The binary Boole (or Boolean) algebra is the set B = {0, 1} endowed with
the following laws, see Table 1: '—’ is called (logical) complement, ’ - ’ is the product, and

Table 1. The laws of B.

— 0 1 ujlo 1
01 0 o0 010 1
1|0 110 1 11 1

‘U’ is the union. These laws induce on B" laws which act coordinatewisely, and have the
same notations.

Definition 1.2 For ® : B" — B" and A € B", we define the function ®* : B" — B", called
the A—iterate of ®, by Yu € B", Vi e {1,...,n},

) o if =0,
G {fb,-(u), if A=,
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Definition 1.3 The function « : N — B", N > k — af € B" is called computation
function. N is the time set, and k is the time (instant). If one of the equivalent properties'

VYie{l,...,n}, the sets {klk € N, af-‘ = 1} are infinite,

VkeN, 3K > k,dfu..ud =(,...1)

is true, « is said to be progressive. The set of the progressive computation functions is
denoted with I1,,.

Remark 1.1 The A—iterate ®* shows how the function ® is computed: ®* computes only
these coordinates ®;, i € {1,...,n} for which A; = 1, and the rest of the coordinates keep
their values. These are the asynchronous computations of the Boolean functions, considered
timelessly.

The timeful asynchronous computation of ® makes use of o*—iterates o showing how
and when (due to k € N) @ is computed. The requirement of progressiveness of « refers to
the progress of time. One possible interpretation of the statement af.‘ = 1 is: time advances
on the i—th coordinate with 1 time unit.

Remark 1.2 Ifa : N — B" is periodic: Ap > 1,Vk € N,
a“"=a"?, (1)
then its progressiveness is equivalent with Yk € N,
dfu..udr = (1, ., 0. 2)

The limit situation in this statement is represented by p = 1 and the progressive computation
function Yk € N,o* = (1,...,1). If we replace the periodicity of a with the more general
property of eventual periodicity, which is: Ap > 1,3k’ € N,Vk > k', (1) holds, then the
progressiveness of « is equivalent with: Yk > k', (2) is true.

Definition 1.4 We consider the function © : B" — B", the progressive computation function
a €1, and u € B". The function Yk € N,

u, if k=0,
O (¢ (k- 1)), if k> 1

is called flow. In this context B" is called state space and its elements are called states,
Sfunction @ is called system, or generator function (of ¢), x : N — B" given by

x(k) = ¢*(u, k)

¢ (u, k) = {

is called state function, and u is the initial value of x, or the initial state.

Definition 1.5 For any k' € N, the forgetful function o* : (BN — (BN is defined as
Vx:N - B, VkeN,
o (x)(k) = x(k + k).

Remark 1.3 o¥ shifts the function x : N — B" with k' time units. Its name comes from the
fact that for any k' > 1, o (x) forgets the first values x(0), ..., x(k" — 1) of x.

Theorem 1.1 (Composition) Va € I1,,,Vu € B",Vu' € B",Vk’ € N,
P ) = 1 = Yk e N, 6"k + k) = 67 @O, k). 3)

I'The proof of the equivalence of these properties is omitted.
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Proof. We suppose that ¢*(u,k’) = p’ and we use the induction on k € N. For k = 0 the
equality holds, thus we can suppose that it is true for k. We get

Sk + K + 1) = 07 (¢ k+ k) = 7 (07 @, k)
= 7 (¢ DG k) = ¢ O k4 1)
| |
Remark 1.4 Equivalently, (3) can be written as:
o (@ (N = ¢k + k) = 67 D@ (u, k), ), )
with arbitrary a € I1,, u € B", k € N, and k' € N.

Definition 1.6 The set
O () = {¢” (u, k)lk € N}

is called orbit, u € B" is the initial value of the orbit and « € I1,, is its computation function.
Example 1.1 Timelessly, the dynamics of these systems is described by directed graphs

called state portraits. In this example, the system © : B> —» B2, ®(0,0) = ®(1,1) =
(1, D, ®(0,1) = (0,0), ©(1,0) = (1,0)

(1,0)

0,) m—/ = 0,00 — (1, 1)

starts from the initial value (0,0). In the state portrait, we underline y; the coordinates i €
{1,2} so called unstable (or excited) which, by computation, change their value. The arrows
indicate the transfer from one state to the other. If ®1(0,0) is computed first, the transfer
(0,0) — (1,0) takes place and the system remains in (1,0), which is a rest position. And
if ©1(0,0),®,(0,0) are computed at the same time, the transfer (0,0) — (1, 1) takes place
and the system remains in (1, 1), which is a rest position too. If ®,(0,0) is computed first the
transfer (0,0) — (0, 1) takes place and the possibility exists that the system switches between
(0,0) and (0, 1) infinitely many times or perhaps, after finitely many such switches, that it
eventually reaches one of the rest positions (1,0) or (1, 1). The durations of computation of
Dy, O, are unknown, meaning that all these transfers are possible, in other words the timeful
analysis of the system is made by considering a as parameter.

2 Invariance

Theorem 2.1 The system ® : B" — B" and the set A C B",A # @ are considered. The
following statements are equivalent:

Va € I1,,Yu € A, 0%(u) C A, 3)
YA e B", ®YA) c A. 6)

Proof. (5)=(6) Let 1 € B", u € A arbitrary, fixed. We take @ € I, arbitrary, with a° = A.
Then:
A @ ®
() = ¢ (. 1) € A.
3
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(6)=(5) We take « € II,,, u € A arbitrary, fixed and we prove (5) by induction on k. For
k=0,u=¢",0) € A and we suppose now that ¢*(u, k) € A. Then:

6
Pk + 1) = 0 (971 k) € A.
|
Definition 2.1 If the set A fulfills one of (5), (6), then it is called invariant.

Remark 2.1 Invariance states, in a timeful way, and also in an equivalent timeless way, that
any orbit with the initial value in A remains in A.

Example 2.1 We look again at the state portrait from Example 1.1. We note there the in-
variant sets {(1,0)}, {(1, 1)} and B?.

3 Omega limit sets

Notation 3.1 The system © : B" — B", @ € I, and u € B" are given. We denote with
wh () € B", p € N the sets
W50 = (8" GBIk = p).

Theorem 3.1 We have
0" (1) = wy (W) D wWi() D ... D W) O wgﬂ(/,t) D..
and k' € N exists with the property w, (1) = wy,, (1) = ...

Proof. The inclusions are obvious and the property results from the fact that there are finitely
many subsets of O%(u). m

Definition 3.1 The set wy, (1) from the previous theorem is denoted w®(u) and is called
omega limit, or terminal. In general, a set A C B",A # @ is called omega limit or ter-
minal if @ € 11, and u € B" exist with the property that A = w*(u).

Notation 3.2 The set of the omega limit sets of © is denoted Qg :
Qo = {w*(Wla € I1,,,u € B"}.

Theorem 3.2 Let a € I, and u € B".
(a) k' € N exists such that

() = (¢ bk > k'), @)
(b) We have
W™ () = (Vv € B, the set {klk € N, ¢ (u, k) = v} is infinite}.
(c) If K satisfies either of ¥k > k', Nky > K,
{9 Bk > ki} = {¢" (. DIk > ko,

respectively Yk > k',
{97, D)k = ki} = {¢" (u, k)lk > k'},

then (7) is true.
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Proof. (a) and (c) follow directly from Definition 3.1, we prove (b). We know that w®(u) C
O%(w). On the other hand the supposition that we might have v € w®(u) with the set {klk
N, ¢*(u, k) = v} finite brings the contradiction Yk’ > max{klk € N, ¢*(u, k) = v},

W (1) 2 Wi, (W).
[

Remark 3.1 We conclude that the omega limit set is the nonempty subset of the orbit
w*(w) € O%(w) which contains the points reached by the state x(k) = ¢%(u, k) infinitely
many times. In particular, the periodicity of the state function: Ap > 1,Vk € N,

¢ (u. k) = ¢%(u. k + p), ®)

when all its values are reached infinitely many times, implies O (1) = w®(u). And in case of
eventual periodicity: Ap > 1,3k" € N,k 2 K, (8) is true, we get O* () D wi, (1) = w*(w).

Example 3.1 The system ® : B> — B? from Example 1.1 has three omega limit sets,
{(0, 1), (0,00}, {(1, D}, {(1,0)} € Qq.

Theorem 3.3 We ask that for arbitrary a € 11,8 € I,,,u € B", i’ € B", k; < ky, we have
Vk > ky,

¢ (k) = PPk~ k).
Then w*(u) = WP).

Proof. We fix such arbitrary «, 8, u, i/’, k1, ko and we get the existence of &’ € N with
() = {6 (. blk = k'}.
Let k" > max{k,, k’} arbitrary. We infer
(1) = (¢ (. Rk > K"} = {¢P (W' k — k)lk > K7}
=W Ok = K k) = o), W),

W (W) = "W Rk > K7 + 1} = (P k= k)lk > k7 + 1)
= {PW k2 K~k + 1} =), W),

ie. o), W) = ol (W) = ... = () and finally * (u) = (). m

Theorem 3.4 We suppose that A € Qg is terminal and u € A, da € T1,,, 0*(u) AN A # @.
Then O%(w) V A is terminal.

Proof. The hypothesis states the existence of 8 € II,,u’ € B" with A = ('), and we
suppose that

W™ (w) = {¢" (u, k)lk > k'}, ©
L) =1 W Rk = k") (10)
for suitably chosen k&’ € N, k” € N. Let

hi
v € W) A A (11)
5
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arbitrary. Then k| > &’ exists with

©.01)

¢ (. kp)

v’

ki > 1 exists such that
Au..uddl=q,..,1),

and k’l” € N exists also with
0% () = {¢“(u, bk € {0, ..., k}"}}.

We fix a k; > max{k], k], k{""} from infinitely many such possibilities satisfying

" (1, k) = v, (12)
Au..udt=(,..,1), (13)
O (1) = {¢"(u, bk € {0, ..., k1}}. (14)
We have also the existence of k, > k” with
T (15)
and we know that
hyp
u € A. (16)
Some k} > k exists that fulfills
P =AW Bk € tha, ..., K5},
and some £} > k" exists with
;e (10),(16)
¢B(ﬂ P k3 ) =
We fix k3 > max{k}, kJ'} from infinitely many such possibilities, that satisfies
P =P W Ok € tha, ..o 3}, (17)
$ W k) = . (18)
We define y : N — B" by
Vk €{0,....k; — 1},9* = of, (19)
Vk € {ki, .ok — ky + k3 — 1}, = ghthe (20)
and by the fact that it is periodic, with the period T' = k; — k, + k3 : Vk € N,
,yk — ,yk+T. (21)
We have y € I1,,, because
YU LU L uyhhethal 500G gkt 20 yekt B g,
From Yk € {0, ...,k — 1},
19) .4
¢ (u, k) =" ¢ (u, k), (22)
o 12) (5 ,
& k) = 6" k) F v D P k), (23)

6
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Yk elky,...ki — ko + k3 — 1},

(20),(23)

¢, k) = 7 DB (u k), k — ki) ¢7 PSP W k), k — ki)
=W . k—k +k), (24)
Bk —ky + k) = P k) B = (1, 0), (25)

and from (21) we can prove by induction on k € N the periodicity of ¢”(u,-) : Vk € N,
¢ (. k) = ¢7(u, k +T).

Moreover:

(14).(17)

‘v A (0" (u, )l €40, oo ki )} VAL (W Ik € (K2, ... K3}

Gy, Il €40, oo ki) VAP K — ki + ko )lk € (ks o ki — Ko + K3}

24),(25
PG G Ok € (0, k) VS (1 O € s Kt = Ko+ )
={¢" (W, Blk € {0, ...k — ko + k3}} = O7 () = " (),
and when writing the last equality we have used the periodicity of ¢”(u, ). ®
4 Equivalent omega limit sets

Definition 4.1 We say that the omega limit sets A € Q¢,B € Qg are equivalent, and we
denote this by A L B, if
A5 e, Ive A, 0°V)AB + @, (26)

3 €ll,, W € B,O°(V)AA £ @ (27)
hold.
Remark 4.1 If the omega limit sets A, B satisfy A A B # @, in particular if A C B, then

A L B. This happens because in (26), (27) we can choose v € A A B,v' € A A B and
0 €11, 6" €11, arbitrary.

Theorem 4.1 The relation L.C Qg X Qg is an equivalence.

Proof. The refflexivity and the symmetry of L are obvious, we prove transitivity now. We
have the existence of @ € I1,,,8 € I1,,,y € I, u € B,/ € B",u” ¢ B*and k¥’ € N, k" €
N, k""" € N that satisfy

A= (),
o' (@) ={¢"(u, b)lk = k'}, (28)
B=d @),
L) =P W Rk = K7, (29)
C — a)y(/.t"),
W' (W) ={¢" W lk > K} (30)
The hypothesis states that A L Band B L C are true:
36 € I1,,, Av € W), 0°(v) A L) # @, (31)
3¢ € I1,,, A1 € P (), 05 (1) A W (u) # @, (32)

7
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36" €11, € PW), 07 (V) AW’ # @, (33)
3¢ € I1,, AV € W' ("), OF (V) AP + @, (34)
and we must prove the satisfaction of A L C :

36" € I1,, 3" € (), 0% (V') A ") #+ @, (35)

3¢ €, 31" € ("), 07 (") A (1) # @. (36)

We get the existence of k; € N and k3 > k > &k’ such that

29),(31 ,
$ 0k P2 P ), (37)
, 29),33)
S ks) Ty, (38)
and we obtain also the existence of k4 € N and ks > k' satisfying
o (30),(33) p
¢ k) =T W k). (39

At this moment we consider the computation function ¢” € II,, which is arbitrary and fulfills

S, if ke{0,...k — 1},
Bk if ke tky, . ky —ky + k3 — 1},

1k _
e 6/k—k1 +k2—k3’ lf k e {kl _ k2 + k3, (40)
vkl — ko + ks + kq — 1},
We prove the satisfaction of (35) for v/ = v. We infer: Vk € {0, ...,k — 1},
¢ .0 k),
¢ (k) = B 0nk) L P ko), (41)
Yk € {k],...,k] —k2 + k3 - 1},
17 1 11 40),(41 o ,
¢ k) = ¢ NP (k) k — k) BN 9O G k) kK
=Pk -k + k),
¢ ki — ke + k) = W k) F 42)

Yk € {k] —kz +k3,...,k1 —kz +k3 +k4 - 1},
¢ (v k) = 7" TG (v, k) — ko + k3) k — Ky + Ky — k3)

(40):(42) ¢6’(V/, k— kl + k2 - k3)7

7 i 39 ”
0 vk =k + ks + ke = 67V ka) 2 8V k).
As ks > k’”, we have obtained that O’ (v) A w”(u”") # @. (35) is proved and (36) can be
proved similarly. m

Theorem 4.2 The omega limit sets A € Qq, B € Q¢ are given. If A L B, then the omega
limit set C € Qg exists with the property that A L C,B L Cand AV B C C.
8
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Proof. We have the existence of a € I1,,, u € B", 8 € I1,,, i’ € B” such that

A=W,
B = JPW).
The hypothesis A L B states the existence of ¢ € I, v such that
v € w(w), (43)
O’V NS # @, (44)
and of ¢’ € I1,,, v’ with
Ve, (45)
0% (V) A () # @. (46)

We want to show the existence of y € IT, with C = w” () and w®(u) V P’) € w? (u).
We suppose that k&’ € N, k” € N satisfy

W) = (0w Bk > K}, (47)

P =W )k = k7). (48)
From (43), (47) k; > k’ exists with the property

¢ (. ki) = v, (49)

and from (44), (48) we have the existence of k, € N, k3 > k" with
$°(0 k) = PP k). (50)

Statements (45), (48) imply the existence of k;, > k" such that

P k) =V,
and we have also the existence of k} > k3 for which

S =AW Rk € {hs, ... K] ).

These allow us to choose from infinitely many possibilities some k4 > max{kj, k;'} with

FW k) =, (51

S W) = AP W K € (s, oo k). (52)
Statements (46), (47) give the existence of ks € N, kg > k' with

¢ (V' ks) = ¢ (u. ko). (53)
(43), (47) imply that k7 > k" exists making
¢ (u, k) = v
true, from the progressiveness of a we get the existence of k7 > kg with

deu..udit=q,..,1),
9
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and we know also that k7’ > ke exists such that

W (w) =" (u, b)lk € {ke, ..., k7"}}.

We fix from infinitely many possibilities some k7 > max{k}, k7, k7”} that satisfies

¢ (u, k7) = v (54)
deu..uad Tt =q,..,1), (55)
" (1) = {¢" (u, k)lk € {ke, ..., k7}}. (56)

We define y : N — B" by
Vke{0,...k -1},

¥ = ok, (57)
Vk € {ky,....ki + ko — 1},
VRN (58)
Vkelky +ko,....ky +kp — ks + kg — 1},
the ,;k _ Bll—kl—kzﬁk_; stk =1} (59)
Yk € {k1 +k2—k3+k4,...,k1 +k2—k3 +k4+k5 - 1},
N (60)
Vkelki +ky—ks+ky+ks,...ky +ko—ks +ky+ ks —ke+ ks — 1}, 61)
Yk = ahhi—kth—ki—ks ko
and at this moment the sequence (58),...,(61) repeats with the period
T =ky —kz+ky+ks—kg+kq. (62)
The fact that y € I, follows from its eventual periodicity Vk > ki,
Y=y (63)
and from .
YU uyatTl O oy Ukt @ 1,..,1).
We infer Vk € {0, ...,k — 1},
6D o
¢ k) = ¢ k),
o 49
$ (k) = 6" k) €y, (64)
Yk elky, ...k + ko — 1},
$ (k) = 67 D@ k) k— k) TE @k~ k),
50 ,
F (ki + ko) = B0 k) F PG k), (65)
VYkelki +ky,..ki +kp — ks +ky — 1},
$ k) = ¢7 P (W Ky + o) k= Ky - ko) (66)

SOES) ks , ,
U GO ks) ke — kg — ko) = Pk — kg — Ky + K3),
10
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’ 5,
& (o ky + ko — ks + k) = P ky) T (67)

Yk € {kl +k2—k3 +k4,...,k1 +k2—k3 +k4+k5 - 1},
¢ (k) = ¢7 IO @Y (U kg + kg — ks + ka), k= ky — Ky + k3 — ky)

(60)(67) &V k—ki — ko + k3 — ka),

s 53) o
&k + ko — ks + ks +ks) = 67 ks) E ¢, ke), (68)
VkE{k] +k2—k3 +k4+k5,...,k1 +k2—k3+k4+k5—k6+k7— 1},
¢ (1, k) (69)

= ¢7 IO @Y (U ke t ko — ks + ka + k) k — ki — ko + k3 — Ky — ks)

61),(68) oo (a) rar
LD yo0@) (9 (11, k), k — Ky — ko + k3 — kg — ks)

="k —ky — ko + k3 — ks — ks + ke),

(ke + ks — sy + Ky + ks — ke + ko) = ¢ (u ky) 2. (70)

We can see that
S (ke + (ky — ks + kg + ks — kg + k1)) 2 ¢ (u, ky + T)

(70)  (64)
=y =

(ﬁy(l'lv kl)9

and the eventual periodicity of ¢”(u, -) follows, since we can prove by induction on k > ki,
taking into account (63), that

¢ (. k) = ¢7(u. k +T).

We have:
) PP Ok € (ks ..o k)
OEOD v, )l € {ky + Kay ooy k1 + K — k3 + Ka))
C{o"(u, k)lk € ki, ... ki + T} = (),
56
W (1) 2 (¢ (Rl € thss ... k7))
(68),(69).(70)

{¢7([1,k)|k € {k1 + k2 - k3 + k4 + k5, ...,kl + k2 - k3 + k4 + k5 - k6 + k7}}

C " (u, Rk € {ki, ... ki + T} = (),

thus the set C = w”(u) satisfies A V B ¢ C. Remark 4.1 shows that w*(u) L w”(1) and
WP L w(u)hold. m
11
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5 Maximal Omega Limit Sets
Theorem 5.1 Let M € Qg an omega limit set. The following statements are equivalent
VA€ Qo AAM+0 =>ACM, (71)
YAeQp,ALM=—ACM. (72)

Proof. We take A € Qg arbitrary.
(71)=(72) The computation functions « € I1,,, 8 € II,, the points u € B", ' € B" and
k' € N,k” € N exist satisfying

A = (W),
W (W) = {¢" (u, k)lk > k'},
M = P,

Sy =P W Rk = k).

The hypothesis A L M means the existence of v € A : Jk; > k/,

V= ¢a(l'l, kl)’ (73)
and of ¢ € I1,, such that O°(V) A M # @ : Jkr € N, Tk3 > k",
(v, k) = PP k3), (74)

and also the existence of v/ € M, that we can choose without losing the generality to be
reached subsequently to ¢P(u’, k3) : Tk > ks,

v = P ka), (75)
and the existence of &’ € IT, such that O° (V) AA # @ : Jks € N, kg > &/,
¢ (V' ks) = ¢ (1, k). (76)

We know that v € A is reached again, subsequently to ¢“(u, ks) : Ik} > ke,
v =" k),
that the progressiveness of « indicates the existence of k) > k¢ with
U udiT = (1,0,
and also that k7" > ks exists making
A={¢"(u, bk € {ke, ..., k7" — 1}}

true. We fix from infinitely many possibilities some k7 > max({k}, k7', kJ’} that satisfies

V= ¢(I(/'[’ k7)’ (77)
deu..uad T =q,..,1), (78)
A = {¢%(u, k)Ik € {ke, ..., k7 — 1}}. (79)

We define y : N — B” in the following way:

Yk € {0, ...,k — 1},vF = o, (80)
12
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Vk € ki, ... ki + ko — 1}, 9% = 651, (81)

Vk € {ky + ko, ... ki + ko — k3 + kg — 1}, Yk = g-hizheths) (82)
Yk € {k1 +ky —ks+kay.. k) +hky — ks + kg + ks — 1},

s (83)

VYkelky +ky— ks +ky +ks,...,
ki +ky — ks +ky+ks —ke+ ks — 1}, (84)

Yk = gfhi—ethy—ki—ks ke
and at this moment the definition of y is made by repeating (81),...,(84) periodically, with
the period
T=k2—k3+k4+k5—k6+k7i (85)
Vk > ki,
,yk — ,yk+T' (86)

We infer that y € I1,, because

far-1 B k-1 (78)

Yru.uy sU...Ua ,..,1).

We have: Yk € {0, ..., k; — 1},

80

¢ (. k) =" ¢ (. k),

(3)

¢ (. k) = ¢ (u, ki) =", (87)
Vk e {ki,...ki + ko — 1},
¢ (k) = 7 D@ (o kr ), k= k) CE g0k — k),
' (k + ko) = (v, k) B P k), (88)

Vk etk + ko, ..ok + ko — k3 + kg — 1},

¢ (k) = 67 OB (U, ky + ko), k — Ky — ky)

82),(88) o3 , ,
S SO (P ka) k- ki — ko) = Pk — Ky — ky + k),

¢ (ks +ky — ks + k) = P’ k) B, (89)

VkE{k1+k2—k3 +k4,...,k1 +k2—k3 +k4+k5—1},

B k) = 7 IO @Y (ke + ko — ks + k) k — Ky — Ko + ks — ka)

(83):,(89) P /(V',k —ki —ky + k3 — ky),

@ (ks +ky — s + Ky + ks) = 7 0/ ks) = 67 (., ko), (90)

VkE{kl +k2—k3 +k4+k5,...,k1 +k2—k3+k4+k5—k6+k7— 1},
¢ (. k)

= g7 IO @Y (kg + hy — ks + Ky + ks), k — Ky — ko + ks — ks — ks)

84),(90 @) g
®4)( )¢0J‘5( )(¢ (1, ko), k —ky —kp + k3 — kg — ks)

="k — ki — ko + k3 — ks — ks + ke),
13
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Bkt +ky — ks + Ky + ks — ke + k7) = ¢ (. k7) 2 v, 1)

‘We note that

(85) ©O1  (87)
=y =

¢, ky + (ky — ks + kg + ks —ke + k7)) = ¢7(u, ki + T) @7 (u, k1)

and we can prove by induction on k > kj, by taking into account (86), that

¢ (. k) = ¢7(u, k +T).
We have constructed an omega limit set
C ='W,
W () = {7 (u. k)lk = ki}
that satisfies C A M # @, from

(88)

(14 ’ ’
W (W) 3 (ki + k) = (ko) = PP k) € S
for example. The hypothesis (71) implies C ¢ M. But A C C, since

A P Bk € {kos .o kr — 1})

={¢"(u, k — ki —ky + ks — kg — ks + ko)lk € {ky + ko — k3 + ky + ks,
ki ko — ks + ks + ks — kg + k7 — 1}}
={¢"(u,k)k € {ky +ky —ks + kg + ks, ...,k1 + kp — k3 + kg + ks — kg + k7 — 1}}
c{d"(u k)k € tky,...ki +ky — k3 + kg + ks — k¢ + k7 — 1}}
={¢" (W, blk € tky, .. ki + T = 1}} = " () = C,

thus A c M.
(72)==(71) The hypothesis states that A A M # @ and in this case A L M holds. The
implication (72) shows that A Cc M. m

Definition 5.1 If one of (71), (72) is true, the set M € Qg is called maximal.
Notation 5.1 The set of the maximal omega limit sets of ® is denoted by Q2 :
Q% = (MM € Qp,YVA € Qp,A L M = A C M).

Example 5.1 In the case of the system

©,1) 0.0 (1,0)

1, 1)

the sets A = {(0,0), (0, 1)}, B = {(0,0), (1,0)} are omega limit, not maximal, equivalent, and
the sets My = {(0, 1), (0, 0), (1,0)}, M, = {(1, 1)} are omega limit maximal.

Theorem 5.2 The maximal omega limit sets are disjoint two by two.
14
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Proof. In case that M € Q® and M’ € Q% arbitrary fulfill M A M’ # @, the inclusions
M c M’', M’ c M are both true, therefore M = M’. m

Theorem 5.3 VA € Qq, YM € Q® the statements

AAM % 2, (92)
ALlM, (93)
AcCM (94)

are equivalent.

Proof. Indeed, for any A € Qg and M € Q®, the implications (92)= (93)==(94)=(92)
are obvious. m

Theorem 5.4 If M € Q2 is a maximal omega limit set and 3u € M, Ao € I1,,, O (WM # @,
then (W) A M = @.

Proof. The maximal omega limit set M fulfills that u € M and a € II, exist such that
O% () \ M # . If, against all reason, w”(u) A M # @, then we infer, by applying Theorem
3.4, that M vV O%(u) is omega limit and M C M Vv O%(u). The last assertion represents a
contradiction with the maximality of M. w®(u) A M = @ follows. m

6 Omega limit sets vs maximal omega limit sets

Theorem 6.1 (a) For any A € Qq, at least one M € QP exists withAAM + Q.
(b) For any A € Qq, at most one M € Q2 exists such that ANM # @.

Proof. We fix an arbitrary A € Q.

(a) If A is maximal, then item (a) is proved, thus we can suppose that A ¢ Q®. In case
that VB € Q¢ \ {C|C € Qg,C C A}, A and B are not equivalent, we get that A is maximal,
contradiction, therefore some B € Qg \ {C|C € Q¢, C C A} exists with A L B. Theorem 4.2
shows the existence of A” € Qg that fulfillsA L A’,B 1L A’andA CAV BCA’.

If A’ is maximal, then item (a) is proved, as far as A A A” # @, thus we can suppose that
A ¢ QP IfYB € Qp N\ {C|C € Qp,C C A’}, A’ L B is false, then A’ € Q®, contradiction,
thus B" € Q¢ \ {C|C € Qgp,C C A’} exists with A’ L B’. We infer from Theorem 4.2 the
existence of A” € Qg that fulfills A’ L A”,B" L A” andA’ A’ VB CcA”.

If A” is maximal, then (a) is proved because A A A” # @, thus we can suppose that A" is
not maximal...

In finitely many steps we obtain the existence of A"’ € Q® that satisfies A ¢ A’ ¢ A” &
... @ A’ and, since in this case A A A" # @, (a) is proved.

(b) Let the arbitrary sets M € Q® M € Q% that fulfill A A M # @,A A M’ + @. From
the definition (71) of the maximal omega limit sets we infer that A ¢ M,A c M’ are true, in
other words M A M’ # @ holds. But in this situation M ¢ M’ and M’ C M are both true, i.e.

M=M.m
Corollary 6.1 For any omega limit set A € Qq, exactly one M € Q® exists such that the
statements
ANM £ @,
AL M,
AcM
are true.

Proof. Theorem 6.1 shows that for any A € Qq, exactly one M € QP exists with A A M # @.
We use Theorem 5.3. m

15
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7 The set of the omega limit sets of a point

Definition 7.1 We denote for any u € B" :

w =\ o w.

aell,

w™(u) is called the set of the omega limit sets of (the point) y.

Theorem 7.1 Let @ : B" —» B" and u € B". If y € I1,, and y’ € B" exist such that w*(u) =
W' (W), then w* () is invariant.

Proof. Let 1 € B"” and v € w* (u) arbitrary, thus « € I, exists with v € w®(u). For

(W) = " (. b)lk > k'),
where k' € N is suitably chosen, we note the existence of k; > k" having the property that

(. ky) = v. 95)
We consider now g € I1, arbitrary, satisfying
Vk €{0,....k — 1}, 85 = o,
B =2,

i.e. v, ®*(v) € 0P(u), and in addition

ki) = 9" ky) = v. (96)

For

P =P bk > k"),

k" € N, the time instant k> > max{k;, k”’} exists with ¢?(u, k) € wP(u).
At this moment we take profit of the fact that w®(u), wP(u) C w*(u) = w? () is true,
from the hypothesis, where

W' (W) =W Bk > K7,
for some k"’ € N. This means the existence of k3 > k', k‘" >k, k:( > k3 such that
ko) = ¢ (1 k), O7)
¢ (W' k) =,
Yeu.Luys T =(1,.,1)
and we choose from infinitely many possibilities a k4 > max{k}, k;'} making
(W ky) = v, (98)
YPu.uykt=q,..,1) (99)
true. We define the computation function § : N — B” in the following manner:
Vk €10, ...k — 1},6° = o, (100)

Yk € {ky, ... ko — 1},6" = g5, (101)
16
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Vk € {k, ... ko — k3 + kg — 1}, 6% = YRtk (102)
and Yk > kq,
5¢ = kT, (103)
where
T =—ky +ky— k3 + k4. (104)

The fact that § € IT,, results from
atka— k] (102 _1 99
§9 UL U gkl s gl g ghehtkel W) ke g gkt @),

The values of the state function ¢°(u, -) are the following: Yk € {0, ..., k; — 1},

(100)

P k) = ¢ (k)

# ki) = 6" (k) 2, (105)
Yk elky,...ks — 1},

(101),(105),(96)

¢ (u k) = 67 O (u, ki), k — ki) ¢ P (P, ki) k — ky)

= ¢’ (u. k),

0

(k) = PP k) = ¢ (W k), (106)
Yk elky,...ko — k3 + kg — 1},

(102),(106)

¢ (u, k) = 67O (¢ (u, k), k — ko) " (P (U k3), k = ko)

=¢" (W k—ky + k3),

(ks — ks +ka) = ¢ ka) F . (107)

We see that
aos) | (o

P (u, k) ¢ (U, ko — k3 + ky)
(104)

= ki + (ki + ko~ ks + k) = ¢k + T)
and we can prove by induction on k > kj, by using (103), that
(. k) = ¢k + 7).

The conclusion is Vp € N,
v=¢"(u ki + pT),

D) = ¢°(u,ky + 1 + pT),

v, 0 (v) € (¢°(u, bk > ki} = (1) € w* (),

therefore the invariance of w*(u) follows. m

Theorem 7.2 Let Q® = (M, ..., M)} be the set of the maximal omega limit sets of the system
®. Then Yu € B", the indexes iy, i, ...,i5 € {1, ..., p} exist such that

w*(u) = Mi1 \% JW,'2 V..V M,‘q.
17
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Proof. We fix an arbitrary u € B".
For any a € I1,,, exactly one i € {1, ..., p} exists with

w(u) C M,

from Corollary 6.1. This gives the possibility of defining the set {iy, ...,7,} in the following
way:
(i1, ... igy ={ili € {1, ..., p}, Ao € IL,, 0" (u) C M;}. (108)

We fix now i € {iy, ..., i;}, arbitrary. M; is terminal
Ay ell,, Iu € B", M; = ('),
and «a € II, exists, from (108), such that w®(u) C M;. We suppose that
W () = {¢" (u, k)lk > '},

W' (W) = {67 (W, Blk = K7},

with k¥’ € N, k" € N suitably chosen, and we have the existence of k; > k', k, > k" with
7w, k1) = ¢ (W' ko). (109)

We define g € I1,, like this:

k .
k a”, if kef0,.., k -1},
B = { ,yk—k1+k2’ if k>k (110)
and we deduce in succession Yk € {0, ..., k; — 1},
k) = ¢ (k)
o 109 ,
Pk = ¢ k) 2 ¢ k), (111)
Vk > ki,
ky
P, k) = 97 PP (u, k), k = k)
(0L ho () , , (112)
= T @TIINGTW k), k= k1) = @YWk — Ky + ko).
We have obtained the existence of 8, namely the one defined by (110), satisfying
M,' _ w),(u,) Theurem=3.3,(112) a)B(,u)
Let us denote with Hi,‘ e Hf;‘ the partition of I, defined by Vj € {iy, ..., iy},
I, = {616 € I, (1) € M},
therefore .
V6 € TT, o’ (u) € M;. (113)
The conclusion is that 8 € I, ....B" € Hi,” exist such that M;, = o (u), M = o (1)
and
My V..V M, =P @V ..V @) cww= \/ ()
ell!) v...vl‘[ﬁf’
s 5, . (113)
- vw WV ..V \/a) (W C MyV..VvM,.
Selll) eI
[

18
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8 Final sets

Definition 8.1 Ifthe omega limit set A € Qg is invariant, then it is said to be final, otherwise
A is said to be pseudo-final.

Notation 8.1 We denote with F® the set of the final sets of ® :
F® = {A|A € Qg and VA € B", ®*(A) C A).
Example 8.1 The system

1,1,1) «—— (Q’ 1’9) - (151’0)

.

(0’079) - (Q’Q’ 1) - (07 Ll) (I’Q’ 0)

|

(1,0,1)

has four maximal omega limit sets: M; = {(0,0,1),(1,0,D}, M, = {(1,1,1)}, M3 =
{(0,1,1),(0,1,0)}, My = {(1,1,0),(1,0,0)} two of which, M, and My, are final. Note the
way that, starting from the initial value u = (0,0, 0), a state $*(u, -) meets 0, 1 or 2 pseudo-
final sets and at most a final set.

9 The existence of the final sets

Theorem 9.1 Let Q% = (M, ..., M)} the set of the maximal omega limit sets of ®. Then at
least one of them is final.

Proof. If M, is final, the theorem is proved, thus we suppose thatitis not, and @ € I1,,, u € M,
exist with the property that O%(u) \ M| # @. At this moment Theorem 5.4 states that w”(u) A
M, = @. We suppose without losing the generality, from Corollary 6.1, that w*(u) C M>.

If M, is final, the conclusion of the theorem follows, therefore we can suppose that M, is
not invariant. In this situation o’ € IT,,, &’ € M, exist, having the property O% (u’) \ M, # @
thus, from Theorem 5.4, w"'(y') A M, = @. The inclusion w"’(,u’) C M;, which might be
a consequence of Corollary 6.1, produces the situation M; L M, which is in contradiction
with the maximality of M, M,. We conclude that the only possibility is, without losing the
generality, w® (u’) C M;.

If M), is final, the theorem is proved, thus we suppose that this is not the case. Then
@’ € I, u"’ € M, exist with 0" (") \ M, # @,ie. ¥ (W')AM, = @. We have
been brought to the conclusion, due to Corollary 6.1, that w® (u”) is included in one of
M, ..., M,_, representing, via the equivalence L, a contradiction with the maximality of
these sets.

We have obtained that at least one of M, ..., M, is final. m

10 The final sets are maximal
Theorem 10.1 If the set A is final, then it is maximal (as omega limit set): F® c Q2.

Proof. As A is terminal, @ € I1, and y € B” exist with A = w®(1). We consider an arbitrary
terminal set B c B”, for which the truth of

B1A—BCA
19
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must be proved. In this respect let 8 € II,,, i’ € B arbitrary, with B = «?(u’). We have
() = {¢"(u, b)lk > k'},

L) =W Rk = k), (114)
with k¥’ € N, k" € N suitably chosen. The hypothesis states

36 € II,,, Av € P), 0° (V) A w(p) # @,

36" € I, I € (), 0° (V) A L) £ @, (115)
and we suppose against all reason that B € A is false: ?(u) \ w%(u) # @, ie. Vv’ €
WP) \ w?(u) exists.

From (114), (115) we get the existence of v/ € w*(u), k| € N and k3 > k, > k’" such that
¢" 0/ k) = W ko), (116)
P k) =" (117)
We take an arbitrary y € II,, now, that satisfies
&, if kel0,...k —1}
k _ ) 5 s K1 5
Y ‘{5k-kl+k2, iF k€ thps ok — ko + s — 1), (118)

We infer: Vk € {0, ..., k; — 1},
(118)

P k) = 7 (k)
F k) = ¢ (k) 2 P k), (119)
Yk elky,...ki — ko + k3 — 1},

(118),(119)

# k) = ¢ DG W k) k= Ky) 7 PSP W k), k — ki)

= ¢BOJ”k - kl + kZ)s
&V k —ky + k) = P k)

The last equation is a contradiction with the invariance of A, in the sense that k € {0, ..., k; —
ks + k3 — 1} exists such that ¢”(v', k) € A, " (V' , k+1) = dﬂk(qﬁ’/(v’, k)) ¢ A. We have obtained
that wP(u') \ w¥(u) = @, thus B C A holds. m

(117 V'

11 The set of the omega limit sets of a point revisited

Theorem 11.1 Let @ : B" —» B", Q% = (M|, ..., M}, and € B". In the equation
(1)+(}1) = Mi1 \Y Miz V..V Miq

which is known to be true from Theorem 7.2, where iy, iy, ...,i; € {1,..., p}, at least one of
1‘4,'l . Miz’ veesy M,'q isﬁnal.

Proof. We fix « € I, arbitrary and we suppose, without losing the generality, that
w(w) C M;,. (120)
We have the existence of // € N with

W (W) = (", k)l = I').
20
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If Vo' € IL,,Vu' € M;,, oY) c M;,, then M;, is final and the theorem is proved, thus we
can suppose that this is false and o’ € II,,i’ € M;, exist with 0% (u’) \ M;, # @. In this
situation Theorem 5.4 states that w® (1) A M;, = @. The request that M;, is omega limit set
means the existence of 8’ € I1,,,v' € B” and k¥’ € N with

M;, = (),
SO ={F bk = K.

Then [; > I’ and k, > k; > k’ exist such that

6w 1) "2 ¢ k), (121)
.y 120 ,
& k) P (122)
and we define
ok, if kel0,... 1 — 1},
Y= pEhh it ke, =k + ko — 1), (123)
Fhrkik k> 1 — kg + ko

for which we obtain Vk € {0, ..., [ — 1},

(123)

¢ (k) =" " (. k), (124)
Fh) = ¢ 1) 2 ¢F 0 k), (125)

Yk € {ll,...,l] —k] +k2 - 1},
¢ (k) = ¢7 (@ (, 1), k = 1) (126)

123),(125 (g oy (v
(23)( >¢a‘1(ﬁ)(¢ﬁ(y’kl)’k_l,):¢B(v,k—ll+k1),

22)

Sl —k +h) = (k) E (127)

Vkle —k1 +k2,
(k) = 67 DG (u, [y — ky + k) k =1+ kg = k)

aA23).(127) o, (128)
=W k=1 + ki~ k).

We infer
Theorem3.3,(128) .,
W (W) = w” ().
We suppose now without losing the generality that
w” (') C M;,. (129)

Then [” € N exists with
W (W) =1{¢" W' Rlk > 1"}
IfVo" €11, Yu"” e M;,, oY’ (") € M,;,, then M, is final and the theorem is proved, thus we
can suppose that @’ € I1,,, u”" € M;, exist with 0""(;1") \ M;, # @ therefore, from Theorem
5.4, w” (W) A M;, = @. The fact that M;, is terminal asks the existence of 8 € II,,v” € B"
and k” € N with
M;, = (),
) =1 0 Rk = K
21
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We have the existence of /{ > I and k, > k| > k" satisfying

07w 1) 2 K, (130)
¢ k) = (131)
and we define y’ in the following manner:

P if k€Ol + 1 — ki + ko — 1),
ﬁ”k_ll_l/l'*'kl*'k/l_kz, if ke{l + l/l —ki +ky, ...,

yk = L+l =k =k +k+ k) -1}, (132)
okl =k ko =k,

ifk>hL +1 —ki =k +ky +kJ.
We get Vk € {0,...., + [} —ki + kp — 1},

(132)

¢ (u, k) ¢ (u, k),
& (ol + 1 =k + ko) = ¢y + 1 — ky + ko) (133)
128) ', s (130) ST
(= ¢a/(/”tvll)(: ¢B (V 3k1)s
Vk el + 1 —ky +kyyoo y + 1 —ky = K, + Ky + K — 1,
¢ k)= ¢ TG ol + U =Ky + ko) k=L =1+ Ky = k)

(132),(133) o’k’l 2 T ,
=T ENG K k=1 =1 + Ky — k)

=¢P OV k=1 =1 +k + K — k),

&l + 1~k K+ + k) = K D (134)
k> 1+ 1 — ki = K+ ko + K,
¢ (. k)
ll+l —ky k+A2+A2( ) , , , , , ,
s G ol + 1~k =K+ ky + K k=1 = + ki + K, — ky — K))

B R R R R )

and the last statement implies that
” () " ().

If w* (y”) C M;,, then we have M;, L M;, and this is a contradiction with the supposition
that M;,, M;, are maximal and distinct. We can suppose without losing the generality that

Theorem 33

wo/’ (/J”) c M[3-

The reasoning makes the supposition that M;,, ..., M;

i, are terminal nonfinal (pseudo-
final) and that

&)aw(/,t”/) c Miq-

If Yo/ € I, € M;,, 0" (") € M;,, then M;, is final and the theorem is proved,
otherwise " € Il,, u""”" € M;, exist such that 0" (""" )\ M;, # @, thus A (THO VN M; =
. If " (") C M;,, we get 'the contrad1ct1on M;, L M, ;if w"'” (") C M, this implies
the contradiction M;, L M;; ... and if w? (/1””) C M;,_,, then the contradiction M; _, L M;,
follows.

These are all the possibilities. One of M;,, ..., M;, is final. m
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12 Definition of speed independence

Theorem 12.1 For @ : B" — B" and the point u € B”", the following statements are equiva-
lent:
(a) the final set A € F® exists such that

Va €Il,,0%(u) N A + @,

(b) the final set A € F® exists satisfying

Ya € I1,, 0% (u) C A, (135)
(c) w(u) € Qo,
(d) w* () € F®,
(e) A6 €11,
VA e B, @Y (w’(u)) € (i) and Yar € T1,,, ° (1) A (1) # @. (136)

Proof. (a)=—=(b) We take « € 11, arbitrary and we know that k" € N exists with
W () = 167w DIk = K').

The hypothesis states the existence of k& € N such that ¢*(u, k') € A. We use the invariance
of A and we get that Vk > k", ¢ (u, k) € A thus, for k; = max{k’, k”’}, we have

W (W) = {¢"(u, bk = k1} C A.
(b)==(c) The nonempty set A ¢ B" exists, which is final: Jy € I1,,, Ju’ € B",
A=w), (137)

Va1 e B", Y A) C A,

and we have also
(135)
ww S A (138)

We prove
A C (). (139)

Let a € I, arbitrary, for which we get that

(138)  (137)
=" w

W' cww < A (1), (140)

W' (W) ={¢" (. b)lk = k'},
W' (W) ={¢" W K)lk = k7
hold, with k" € N,k” € N suitably chosen. We infer the existence of k; > &k’ and k, > k”
with
0 k) = G k). (141)
We define 6 € 11, as

ko _
5o {a/, if k€0, ki — 1}, (142

Ykt if >k

and we have Yk € {0, ...,k — 1},

(142)
23
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(141)

P k) =" k) = ¢ ko), (143)
Yk >k,
¢ (u, k) = 7 (¢ (u, k), k — ky) (144)

¢S W ko) k= ki) = ¢ (W k= ki + ko).
We obtain, like previously, that

(142),(143)

144
s o

w’ (1) W), (145)

wherefrom
A= (W)= W) c ot @
(139) holds.
We conclude that w*(u) = A = W’ (') € Qop.
(¢)=>(d) The set w*(u) is terminal and, from Theorem 7.1, it is also final.
(d)=>(e) The fact that w*(u) is final means the existence of y € II,,u’ € B" with the
properties
w (W = W), (146)
YA e B, Y w (1) C w(u). (147)

Let a € I, arbitrary, fixed. We get the existence of k' € N, k”” € N with
W () = {¢" (u, k)lk > K’}
W' (W) =17 (W Rk > K.
From the fact that w®(u) (léﬁ) w”(u") we have the existence of k; > k', k, > k" such that
¢ (k1) = ¢" (W' ko). (148)

We define ¢ € I1,, by (142) and we infer

(145)

W) = W),
In other words if w*(u) € F®, then § exists with w* (1) = w’(u). Finally for any o’ € I1,,,
W (1) A0 () = " (W) A" (1) = o (1) # O,

(e)==>(a) 6 € II, exists such that the set A = w’(u) is final, and in addition, for any
a € I1,, we get

5 hyp
O(u) ANA D W¥(uw) A’ () # @.

Definition 12.1 The system ® for which one of the previous properties (a), ..., (e) from
Theorem 12.1 is true is called speed independent with respect to u € B".

Remark 12.1 The speed independence of ® with respect to u represents that special case
when equation
U.)+(/l) =M; VM,V ..V M,'p (149)

from Theorems 7.2 and 11.1 with M, ..., M;, maximal omega limit sets, at least one of which
is final, becomes w*(u) = M, where M is final.
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Remark 12.2 We give from [1] the following citations concerning speed independence. *Of
special interest are those circuits in which the ultimate behavior of the circuit does not de-
pend on the relative speeds of the elements. Such circuits, which will be called speed in-
dependent, may be designed without regard to time tolerances ... of elements and wiring.
Hence they should be easier to design and more reliable than asynchronous circuits which
require time tolerances on the elements for proper operation.” And later: ’we interpret the
rather loose concept of ultimate behavior as meaning a specification of which terminal set
is attained by an allowed sequence®. Thus if all allowed sequences starting with u have the
same terminal set we mean that circuit will always arrive, ultimately, at a unique static or
dynamic condition.’

13 Examples

Example 13.1 The next system

1,0) 0.0 ©,1)

1. 1)

is not speed independent with respect to u = (0, 0) as far as in equation
*(0,0) = {(1,0)} v {(1, D} V {(0, 1)}
three final sets occur, {(1,0)}, {(1, 1)} and {(0, 1)}.

Example 13.2 The identity 13- : B" — B" is speed independent with respect to any u € B"
because w*(u) = {u} is final.

Example 13.3 The constant function ® : B" — B", for which i/ € B" exists such that
Yu € B", ®(u) =y’ is speed independent with respect to any u as far as the set w*(u) = {('}
is final.

Example 13.4 More general than previously, if /' € B" is a fixed point ®(u') = y’ that

Sulfills
Ya € I1,,Yu € B", Ak’ € N,Vk > k', ¢“(u, k) = i’

(1 is called a global attractor in this case), the system ® is speed independent with respect
to any p, even if it is not the constant function equal with p’. We give the example of such a
system where u’ = (1, 1).

0,09 ——— O, 1) ——— (I, ) ~———(1,0)

Example 13.5 Even more general than previously, we have the next possibility. The
nonempty set A C B" is final and

{ulp € B",Ya € I1,,, 0*(u) c A} = B"

holds (such an A is said to be totally attractive). Then @ is speed independent with respect
to any p and w*(u) = A. Here is an example for this situation

0,0)

0,1 ——— (1,) /= (1,0

the system is speed independent with respect to any u and A = {(1, 1), (1, 0)}.

2 An allowed sequence is here a state function ¢ (u, -).
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Example 13.6 The function ® : B — B", Yu € B",®(u) = u is also speed independent
with respect to any u and Yu € B", the set w*(u) = B" is final.

Example 13.7 The system

(1,0,0) (1,0, 1)

©0.0.0) —— (1,LLO) —— (L1 1) =/ (0,0, 1)

0,1,0) 0,1,1)

is not speed independent with respect to (0,0, 0), but it is speed independent with respect to
(1,1,0), since w*(1,1,0) = {(1,1,1), (1,0, 1), (0,0, 1), (0, 1, 1)} is a final set.
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