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Abstract. One of the tasks of synthesis and analysis of the functioning of
combinational devices is the representation of a Boolean function in various
bases. The absolute completeness of the use and implementation of various
transformations of Boolean functions is impossible without the
implementation of transformations into universal bases of Schaeffer (AND-
NOT) or Webb (OR-NOT). The Logic library of the Maple computer
algebra system allows you to use only the operations &nand (Schaeffer
basis) and &nor (Webb basis) to build a model of a digital device. Therefore,
there is a need to expand the functionality of the Logic library of the Maple
computer algebra system by representing Boolean functions in Schaeffer
and/or Pierce (Webb) bases. In this regard, the authors of the article have
developed procedures that allow the representation of disjunctive or
conjunctive normal forms in the Schaeffer basis or in the Webb basis. The
development was carried out taking into account the existing data processing
functions and procedures. The article describes the technology of extending
the Logic library of the Maple computer algebra system by developed
procedures that implement the transformation of a given or received Boolean
function in Schaeffer or Webb bases.

1 Introduction

Computer algebra systems (CSA) with support for performing Boolean algebra operations
can be divided into two groups. The first group includes computer algebra systems that were
created mainly to solve problems of propositional logic, for example, Matcad, Derive, etc.
[1-4]. In such systems, the emphasis is on the representation or transformation of logical
expressions in a general way. The second group includes universal computer algebra systems,
such as Maple, Mathematica, etc., which allow solving problems not only of propositional
logic, but also Boolean algebra, as well as making transitions from one representation to
another [5-7]. It is to this group that the Maple computer algebra system belongs, the
peculiarities of expanding transformations of Boolean functions to which this work is
devoted.

Maple has significant differences from other computer algebra systems that allow the
conversion of Boolean functions, in particular [8-11]:

— the use of mathematical notation of logical expressions;
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— convenience of defining arbitrary forms of representation;
— the possibility of using And-NOT and OR-NOT operations.

At the same time, Maple SKA has significant drawbacks. In particular, in all versions (at
the moment there are more than 40 of them) there is no possibility of converting a Boolean
function presented in disjunctive or conjunctive form into Schaeffer or Webb bases.
Accordingly, the functions of Schaeffer's Stroke and Pierce's arrow are used for this. In
addition, the program structure of the system itself makes it impossible to hope for the
implementation of these transformations in the near future.

In addition, there is practically no documentation on the use of the operations &nand
(Schaeffer basis) and &nor (Webb basis) of the Logic library of the Maple computer algebra
system for constructing models of Boolean functions. On the website of the system itself
(https://www.maplesoft.com/support/help/Maple/view.aspx ?path=Logic) a fairly large set of
examples is presented, but there are no specific examples of using the above functions,
especially transformations (https://www.maplesoft.com/support/ help/
Maple/view.aspx?path=Logic%?2foperators). There is no significant information on this issue
in specialized research articles in which you can find a possible application of the Maple
system [12-14].

In this paper, we propose the implementation of procedures for converting disjunctive
and conjunctive normal forms into logical expressions represented using the Schaeffer Stroke
and Pierce Arrow operations, which allows us to expand the functionality of the Logic library
of the Maple computer algebra system.

2 Problem statement and known results

Analyzing the capabilities of mathematical systems [15-16], one can come to the conclusion:
there are not enough built-in functions in mathematical packages to work with various
representations of Boolean function models, which means that it is necessary to create
auxiliary functions for each task or use specially created programs based on the means of a
mathematical package.

In addition to computer algebra systems, there are and are being developed programs
specifically designed to work with Boolean functions, for example, Boolean Functions,
which was created by N.A. Kolomeets and A.V. Pavlov [17]. After analyzing the possibilities
of Boolean Functions, we can conclude that this system does not allow us to represent
Boolean functions in universal bases of Schaeffer's Stroke or Pierce's Arrow.

Another example of a program specially designed to work with Boolean algebra is a
software package created by 1.S. Lartsov [18]. The program is an MDI application and allows
you to solve such problems of Boolean algebra as: building logic circuits and truth tables of
arbitrary Boolean functions, converting Boolean functions into normal forms, representing a
Boolean function as a Zhegalkin polynomial, performing other transformations, but not
related to representations in Schaeffer and Webb bases.

The analysis of the functionality of the considered complex allows us to conclude that it
is focused on solving educational problems in discrete mathematics and mathematical logic,
but it is not possible to consider the solution of a number of problems related to the
transformation and representation of Boolean functions using the Schaeffer Stroke and Pierce
Arrow operations in programs.

In addition to the programs considered, there are other programs [19-20] that also work
with Boolean functions, but their peculiarity is that they are not complexes for working with
such functions themselves and, as a rule, implement only individual algorithms necessary for
the creators to perform some task.

Thus, the analysis of currently available software tools for working with Boolean
functions suggests that there are tools for working with Boolean functions designed to solve
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problems, including educational ones. However, these programs are not focused on solving
problems related to the representation of Boolean functions using the universal elements of
Schaeffer's Stroke and Pierce's Arrow. Therefore, creating a software tool that is convenient
for studying and working with the representation of Boolean functions in Schaeffer and Web
bases is an urgent and in-demand task.

3 Method

The results of transformations of Boolean functions, the use of the laws of logic algebra, the
implementation of representations in various normal forms, the minimization of Boolean
functions, all this has found wide application in the design of electronic circuits. In particular,
the task of representing arbitrary logical functions using formulas containing logical
operations from a given set is important. Such sets of operations are called functionally
complete. The most studied functional sets of logical operations are the standard (basic) basis
(", "A", "V"), in which logical functions are represented as conjunctive and disjunctive
normal forms, and the Zhegalkin basis ("@", " A", "1"), in which logical functions are the
only thus are represented by Zhegalkin polynomials [21-23].

Functionally complete sets of logical operations containing only one operation are the
Schaeffer basis, which includes the Schaeffer stroke function "| ", and the Webb (Pierce)
basis, which includes the Pierce arrow function "|" [24-26].

To solve the problem of constructing a program code for the transition from one form of
representation to another (from the standard to the Webb or Schaeffer basis), it is necessary
to consider the main features of these operations [27-30].

The approach to the transition to the Schaeffer and Pierce basis is to use de Morgan's laws
and double negation.

Consider a logical function given by a conjunctive monomial.

X1 A\xy . ANy =% V..V X, (1
and we give examples of its representation in the Schaeffer basis for the cases n =1, n =2,
n=73.

1) Letn=1.Then, using de Morgan's law, we get:

X =x1] %

2) Let n=2. Then, using de Morgan's law, we get:
x1\xz =21 Vi = x1| %,
3) Letn=3. Then, using de Morgan's law, we get:

X1\ \xg = X1 Vg VX = x| x5 |x3 (2
Similarly, we will analyze the disjunctive monomial:
xVx,V oV, = x7 AL A, 3)

We give similar expressions for the representation of a function in the Webb basis (Pierce
Arrow) for the cases n =1, n =2, n=3:
1) Letn=1. Then, using de Morgan's law, we get:
X =x lx
2) Let n=2. Then, using de Morgan's law, we get:
xVx, =% Ax; =x1 1 x,

3) Letn=3. Then, using de Morgan's law, we get:

X VX, Vxg = %0 Ay Nz = x4 x5 L x5 @)
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3.1 The algorithm of transition from MDNF and MKNF to the schaeffer and
Webb basis

We present an algorithm for the transition from the minimal disjunctive normal form (DNF)
to the Schaeffer basis. Consider a function for n variables [31-33]:

k
f(xll '--;xn) = \/Al,
i=1

0,if g_misnot contained in A,
1,if q_m s contained inA_i B 4;,

Using the laws of double negation and de Morgan, the function can be represented as
follows:

where A; = Ao a; qi, a; { qm — variable or its negation

FOq X)) = 4V VA = LV VA= LA o A A
Then, applying the previously given relations for the Schaeffer basis, the function can be
written as:

FOq X)) = A e A= 24 | Ay | | A (5)

The resulting expression is the basis of the algorithm for the transition from the
disjunctive form to the Schaeffer basis, presented below.

Step one. We carry out the transformation (verification of correctness) of the
representation of a logical function in a disjunctive form with the preservation of inversion.
If a literal with an inversion is included in the polynomial, then the transformation is
performed as x; = x| x;. We carry out the transformation (formation) list of the conjunctive
polynomial.

Step two. We obtain a conjunctive polynomial in a given form. In this case, in the
Schaeffer basis.

Step three. We obtain conjunctive polynomials in the form of a list.

Step four. We accumulate conjunctive polynomials. We check for special cases. The
conjunctive polynomial is represented by only one literal or its inversion, or the disjunctive
form includes only one conjunctive polynomial.

Step five. We get the final result.

By analogy, we obtain an algorithm for the transition from the minimal conjunctive
normal form (SKNF) to the basis of the Pierce Arrow.

Based on the function for n variables of the following form:

[y, x) = /I{\Ai

0,if gnis not contained in/_li,
1,eif q_m s contained in ;,

Using the laws of double negation and de Morgan, the function can be represented as
follows:

where 1; = Vi, a; q;, a; { qm — variable or its negation

fGy e xy) = Ao Adg = LA A= 2,V ..V A
Then, applying the previously given relations for the Webb basis (Pierce Arrow), the
function can be represented as follows:

f(xl, ...,xn) = /11 V Vlk = /11 Ll /‘lk (6)

The resulting expression is the basis of the algorithm for the transition from the
conjunctive normal form in the Webb basis (Pierce Arrow), presented below.

Step one. We carry out the transformation (verification of correctness) of the
representation of a logical function in a conjunctive form with the preservation of inversion.
If a literal with an inversion is included in the polynomial, then the transformation is
performed as x; = x; I x4.
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Step two. We obtain a disjunctive polynomial in a given form. In this case, in the Webb
basis.

Step three. We obtain disjunctive polynomials in the form of a list.

Step four. We accumulate disjunctive polynomials. We check for special cases. A
disjunctive polynomial is represented by only one literal or its inversion, or the disjunctive
form includes only one disjunctive polynomial.

Step five. We get the final result.

4 Implementation of the transformation in the maple system

Transformations of a Boolean function into the selected basis should begin by entering a
prepared or received logical expression.

To fulfill this requirement, you can use the Logic — Normalize library function. To get
the selected conjunctions or disjunctions and represent them as a list, the following
construction is used [op(Normalize (Y))]. The use of such a construction makes it possible
to select the necessary conjunction or disjunction of the normal form, transfer it to a separate
processing (implementation of transformations taking into account special cases) and, upon
receipt of this transformed disjunction or conjunct, accumulate them in a cycle. Iterations of
the loop are limited by the number of elements in disjunctive or conjunctive normal form.

Listing 1: Representation of the conjunct in the form of a list, taking into account the
inversion operations implemented in the Schaeffer basis (formula (1) — (2)).

> Disjunction:= proc(a)

local K, i, C;

K:= [op(Normalize(a))];

for i from 1 to nops(K) do

if nops(K)>1 and op(0,K[i])="&not" then K[i]:= op(1,K[i]) &nand op(1,K[i]);

elif nops(K)>1 and op(0,K[i])<>"&not’ then K[i]:= op(1,K[i]);

end if;

end do:

C:=&nand(op(K));

if nops(a)=1 and op(0,a)="&not’ then C:=op(1,a);

elif nops(a)=1 and op(0,a)<>"&not" then C:= op(1,a)&nand op(1,a);

end if;

return C;

end proc:

Listing 2: Representation of a Boolean function in the Schaeffer Basis (disjunctive normal
form), implementation of formula (5).

> DNF_SHSH:=proc(b)

local W, i, R;

W:=[op(Normalize(b))];

for i from 1 to nops(W) do

W/i]:=Disjunction(W[i]);

end do;

R:=&nand(op(W));

if nops(b)>1 and op(0,b)="&and" then R:=Disjunction(b)&nand Disjunction(b);

elif nops(b)=1 then R:=Disjunction(b)&nand Disjunction(b);

end if;

return R;

end proc:

Similarly for the Webb basis.
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Listing 3: Representation of the disjunction in the form of a list, taking into account the
inversion operations implemented in the Webb basis (formula (3)-(4)).

> Conjunct:= proc(a)

local K, i, C;

K:= [op(Normalize(a, form=CNF))];

for i from 1 to nops(K) do

if nops(K)>1 and op(0,K[i])="&not" then K[i]:= op(1,K[i]) &nor op(1,K[i]);

elif nops(K)>1 and op(0,K[i])<>"&not" then K[i]:= op(1,K[i]);

end if}

end do:

C:=&nor(op(K));

if nops(a)=1 and op(0,a)="&not" then C:=op(1,a);

elif nops(a)=1 and op(0,a)<>'&not" then C:= op(1,a)&nor op(1,a);

end if;

return C;

end proc:

Listing 4: Representation of a Boolean function in the Webb Basis (conjunctive normal
form), implementation of formula (6).

> KNF_SP:=proc(b)

local W, 1, R;

W:=[op(Normalize(b, form=CNF))];

for i from 1 to nops(W) do

W(i]:=Conjunct(W[i]);

end do;

R:=&nor(op(W));

if nops(b)>1 and op(0,b)="&or" then R:=Conjunct(b)&nor Conjunct(b);

elif nops(b)=1 then R:=Conjunct(b)&nor Conjunct(b);

end if;

return R;

end proc:

5 Example of application of the developed procedures

The algorithm and program code are implemented in the Maple 2014 32 bit environment.
Calculations were performed on an Intel(R) Core(TM) 15-3300 S CPU 2.70 GHz 32bit, 4.00
GB RAM running Windows 7 Corporate SPI. The counting time was less than 0.2 seconds.

Example 1. It is necessary to represent the following logical function in the Schaeffer
basis:

(c Ag Ah) V(d A))

Decision. Using the developed functions, we will carry out the transformation into a
universal Schaeffer basis:

> DNF_SHSH((&not ¢ &and g &and h) &or (d &and j));

We received the following response:

(d &nand j) &nand ((g &nand h) &nand (c &nand c))

Using the Equivalent function of the Logic library of the Maple computer algebra
system, we will check the correctness of the transformation of a given function:

> Equivalent(%, &not ¢ &and g &and h &or (d &and j));

We received the following response:

true
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The result obtained indicates the correctness of the developed procedures.
Example 2. It is necessary to represent the following logical function in the Webb basis:
xvyVvz)Aa
Decision. Let's imagine the above expression using the Maple language:
Using the developed functions, we will transform into a universal Webb basis:
> KNF_SP((&not y &or x &or z)&and (a));
We received the following response:
(a &nor a)&nor ((x &nor z)&nor (y &nor y))
Using the Equivalent function of the Logic library of the Maple computer algebra
system, we will check the correctness of the transformation of a given function:
> Equivalent(%,(x &or &not y &or z)&and a);
As a result of the inspection , we received the following result:
true
The result obtained indicates the correctness of the developed procedures.

6 Conclusion

The created procedures allow you to expand the capabilities of the Logic package of the
Maple computer algebra system. Thus, it was possible to carry out an automated
transformation of a Boolean function in the basis of Schaeffer (Schaeffer's Stroke) and Webb
(Pierce's Arrow). It should also be noted that the construction of a Boolean function model
using the universal Schaeffer and Webb bases was justified, since the implemented
algorithms allow performing these transformations and comparing the obtained forms with
those obtained earlier. In addition, it makes it possible to significantly expand the possibilities
of using this library.

That is, the built-in language of the Maple computer algebra system and its application
makes it possible to adequately express an algebraic construction in universal bases and
confirms the need to expand the Logic library and conduct formal proofs of such a
representation.

We thank the members of the editorial board for their patience, timely, complete technical editing and
editing of the text of the article.
We will be glad to have any questions, comments and suggestions for improving the article.
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