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Abstract. Let Γ be a finite group with identity element 𝑒𝑒 and let  
𝑆𝑆 ⊆ Γ − {𝑒𝑒} which is inverse-closed, i.e., 𝑆𝑆 = 𝑆𝑆−1 ∶=  {𝑠𝑠−1 ∶  𝑠𝑠 ∈  𝑆𝑆}.  
An undirected Cayley graph on a group Γ with connection set 𝑆𝑆, denoted by 
Cay(Γ,𝑆𝑆), is a graph with vertex set Γ and edges 𝑥𝑥𝑥𝑥 for all pairs 𝑥𝑥, 𝑦𝑦 ∈ Γ 
such that 𝑥𝑥𝑦𝑦−1 ∈  𝑆𝑆. The dihedral group of order 2𝑛𝑛, denoted by 𝐷𝐷2𝑛𝑛, is  
a group generated by two elements 𝑎𝑎 and 𝑏𝑏 subject to the three relations: 
𝑎𝑎𝑛𝑛 = 𝑒𝑒, 𝑏𝑏2 = 𝑒𝑒, and 𝑏𝑏𝑏𝑏𝑏𝑏−1 = 𝑎𝑎−1. In this paper, we investigate the  
Cayley graphs of the dihedral group for some connection sets 𝑆𝑆 satisfying 
|𝑆𝑆| = 1, 2, 3 by doing simulations using Wolfram Mathematica. 
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1 Introduction 
A nonempty set Γ is said to be a group if in Γ there is defined an operation ∗ such that  
(1) if 𝑎𝑎, 𝑏𝑏 ∈ Γ, then 𝑎𝑎 ∗ 𝑏𝑏 ∈ Γ, (2) if 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ Γ, then 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) = (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐, (3) there exists 
an element 𝑒𝑒 ∈ Γ such that 𝑎𝑎 ∗ 𝑒𝑒 = 𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎 for all 𝑎𝑎 ∈ Γ (such element is called the identity 
element of Γ), and (4) for every 𝑎𝑎 ∈ Γ there exists an element 𝑏𝑏 ∈ Γ such that  
𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎 = 𝑒𝑒 (𝑏𝑏 is called the inverse of 𝑎𝑎 in Γ and 𝑏𝑏 can be written as 𝑎𝑎−1) [1].  
One way to describe some groups is by giving generators and relations. An example of  
a group that can be described by generators and relations is the dihedral group. The dihedral 
group of order 2𝑛𝑛, denoted by 𝐷𝐷2𝑛𝑛, is a group generated by two elements 𝑎𝑎 and 𝑏𝑏 subject to 
the three relations: 𝑎𝑎𝑛𝑛 = 𝑒𝑒, 𝑏𝑏2 = 𝑒𝑒, and 𝑏𝑏𝑏𝑏𝑏𝑏−1 = 𝑎𝑎−1 where 𝑒𝑒 is the identity element in 𝐷𝐷2𝑛𝑛 
[2]. The set 𝐷𝐷2𝑛𝑛 can be written as 𝐷𝐷2𝑛𝑛 = {𝑒𝑒, 𝑎𝑎,𝑎𝑎2, … , 𝑎𝑎𝑛𝑛−1, 𝑏𝑏,𝑎𝑎𝑎𝑎, 𝑎𝑎2𝑏𝑏, … ,𝑎𝑎𝑛𝑛−1𝑏𝑏}. 

A graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸) is an ordered pair of a finite non-empty set 𝑉𝑉 of objects called vertices 
and a set 𝐸𝐸 of 2-element subsets of 𝑉𝑉 called edges [3]. In this research, all graphs are simple 
and undirected. A Cayley graph is a graph that is constructed from a group using certain rules 
as follows. Let Γ be a finite group with identity element 𝑒𝑒 and let 𝑆𝑆 ⊆ Γ. Initially, a Cayley 
graph was defined as a directed graph, that is, a Cayley graph on Γ with a connection set 𝑆𝑆, 
denoted by Cay(Γ,𝑆𝑆), is a graph with vertex set Γ and arcs (𝑥𝑥, 𝑦𝑦) for all pairs 𝑥𝑥,𝑦𝑦 ∈ Γ such 
that 𝑥𝑥𝑦𝑦−1 ∈ 𝑆𝑆. If 𝑒𝑒 ∉ 𝑆𝑆 and 𝑆𝑆 is inverse-closed, that is, 𝑆𝑆 = 𝑆𝑆−1 ≔ {𝑠𝑠−1 ∶ 𝑠𝑠 ∈ 𝑆𝑆}, then the 
Cayley graph is simple and undirected [4]. Therefore, in this research, we use 𝑆𝑆 that satisfies 
𝑒𝑒 ∉ 𝑆𝑆 and 𝑆𝑆 is inverse-closed. The Cayley graph has an important role in constructing 
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expander graphs [5, 6] and its adjacency matrix eigenvalues have an important role in 
algebraic graph theory and have applications in various fields, such as chemical graph theory, 
quantum computing, and others [4]. On the other hand, Cayley graphs can also be defined on 
a semigroup [7] and ring [8, 9]. Another research on Cayley graphs can be found in [10, 11]. 

In this paper, we investigate the Cayley graphs of the dihedral group for some connection 
sets 𝑆𝑆 satisfying |𝑆𝑆| = 1, 2, 3 by writing a program in the Mathematica software to construct 
Cayley graphs of a dihedral group. 

2 Materials and method 
This paper was prepared by conducting literature reviews on Cayley graphs, dihedral groups, 
and their properties. Then, write a program in Mathematica to construct Cayley graphs 
Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) given the value of 𝑛𝑛 and the connection set 𝑆𝑆. Then, find some connection sets 
for Cayley graphs of the dihedral group with cardinality 1, 2, and 3 and use them to construct 
Cayley graphs of the dihedral group. 

3 Results and discussion 

3.1 Isomorphism between dihedral group and ℤ𝒏𝒏 × ℤ𝟐𝟐 

Let ℤ𝑛𝑛 × ℤ2 be the Cartesian product of ℤ𝑛𝑛 and ℤ2, that is, ℤ𝑛𝑛 × ℤ2 ≔ {(𝑥𝑥, 𝑦𝑦) ∶ 𝑥𝑥 ∈ ℤ𝑛𝑛 , 𝑦𝑦 ∈
ℤ2}. This discussion aims to construct an isomorphism between the dihedral group 𝐷𝐷2𝑛𝑛 and 
ℤ𝑛𝑛 × ℤ2 by constructing an operation in ℤ𝑛𝑛 × ℤ2. This isomorphism will make it easier to 
write and analyze neighbors of a vertex in the following discussion. 

 Observe that every element in 𝐷𝐷2𝑛𝑛 can be written in the form 𝑎𝑎𝑥𝑥𝑏𝑏𝑦𝑦  with 𝑥𝑥 ∈ ℤ𝑛𝑛 and  
𝑦𝑦 ∈ ℤ2. We construct a mapping 𝑓𝑓 ∶ 𝐷𝐷2𝑛𝑛 → ℤ𝑛𝑛 × ℤ2 that maps 𝑎𝑎𝑥𝑥𝑏𝑏𝑦𝑦 ∈ 𝐷𝐷2𝑛𝑛 to the ordered 
pair (𝑥𝑥, 𝑦𝑦) ∈ ℤ𝑛𝑛 × ℤ2, that is, 

 

𝑓𝑓(𝑎𝑎𝑥𝑥𝑏𝑏𝑦𝑦) = (𝑥𝑥, 𝑦𝑦) for all 𝑎𝑎𝑥𝑥𝑏𝑏𝑦𝑦 ∈ 𝐷𝐷2𝑛𝑛. (1) 

 
For example, 𝑎𝑎2𝑏𝑏 maps to (2,1), 𝑎𝑎 maps to (1,0), and identity element 𝑒𝑒 maps to (0,0). 

We construct an operation in ℤ𝑛𝑛 × ℤ2 defined by, 
 

(𝑥𝑥1,𝑦𝑦1)(𝑥𝑥2,𝑦𝑦2) = �
(𝑥𝑥1 + 𝑥𝑥2,𝑦𝑦2),   𝑦𝑦1 = 0;
(𝑥𝑥1 − 𝑥𝑥2,𝑦𝑦2 + 1),  𝑦𝑦1 = 1, (2) 

 
for all (𝑥𝑥1,𝑦𝑦1), (𝑥𝑥2,𝑦𝑦2) ∈ ℤ𝑛𝑛 × ℤ2 with addition and subtraction in the first and second 
components are in modulo 𝑛𝑛 and modulo 2, respectively. It can be proved that the set ℤ𝑛𝑛 × ℤ2 
with the operation defined in Equation (2) form a group and the mapping 𝑓𝑓 defined in 
Equation (1) is an isomorphism between 𝐷𝐷2𝑛𝑛 and ℤ𝑛𝑛 × ℤ2. Therefore, the notations 𝑎𝑎𝑥𝑥𝑏𝑏𝑦𝑦  and 
(𝑥𝑥,𝑦𝑦) are interchangeable. 

3.2 Construction of Cayley graphs of dihedral group with Mathematica 

Before we explain the construction process, it is necessary to note the following observation. 
Let Γ be a finite group and 𝑆𝑆 ⊆ Γ − {𝑒𝑒} which is inverse-closed. Consider the Cayley graph 
Cay(Γ,𝑆𝑆). Since Cay(Γ, 𝑆𝑆) is undirected and 𝑆𝑆 is inverse-closed, the vertices 𝑥𝑥 and 𝑦𝑦 are 
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adjacent if and only if 𝑥𝑥𝑦𝑦−1 ∈ 𝑆𝑆 and 𝑦𝑦𝑥𝑥−1 ∈ 𝑆𝑆. That is, there exists an 𝑠𝑠 ∈ 𝑆𝑆 such that  
𝑦𝑦𝑥𝑥−1 = 𝑠𝑠 ⟹ 𝑦𝑦 = 𝑠𝑠𝑠𝑠. Then for each 𝑥𝑥 ∈ Γ and 𝑠𝑠 ∈ 𝑆𝑆, the vertex 𝑥𝑥 adjacent with the vertex 
𝑠𝑠𝑠𝑠 and form the edge {𝑥𝑥, 𝑠𝑠𝑠𝑠}. Therefore, we obtain a technique to construct edges that are 
incident to a vertex. This technique is used in the construction of Cayley graphs of the 
dihedral group explained in the following. 

Suppose we want to construct Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) using the program in Fig. 1. The inputs of this 
program are the value of 𝑛𝑛 and the connection set 𝑆𝑆. Let 𝑓𝑓 be the mapping defined in  
Equation (1). First, we define a function “Prod” that maps two elements (𝑥𝑥1,𝑦𝑦1), (𝑥𝑥2,𝑦𝑦2) ∈
𝑓𝑓(𝐷𝐷2𝑛𝑛) to the product (𝑥𝑥1,𝑦𝑦1)(𝑥𝑥2,𝑦𝑦2) with the operation defined in Equation (2). Then,  
we construct the vertex set of Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) which is the set 𝐷𝐷2𝑛𝑛 represented by 𝑓𝑓(𝐷𝐷2𝑛𝑛) =
ℤ𝑛𝑛 × ℤ2, since their notations are interchangeable. Then we construct the edge set of 
Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) as follows. For each (𝑥𝑥, 𝑦𝑦) ∈ 𝑓𝑓(𝐷𝐷2𝑛𝑛) and 𝑠𝑠 ∈ 𝑆𝑆, we construct the edge 
{(𝑥𝑥, 𝑦𝑦), 𝑠𝑠(𝑥𝑥, 𝑦𝑦)}. The output of this program is the figure of the Cayley graph Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) 
with the previously constructed vertex and edge sets. Note that in Mathematica, the tuple 
(𝑥𝑥,𝑦𝑦) ∈ ℤ𝑛𝑛 × ℤ2 is written as {𝑥𝑥, 𝑦𝑦}. Since this program runs iteratively, it will create the 
edges 𝑥𝑥𝑥𝑥 and 𝑦𝑦𝑦𝑦 for all 𝑥𝑥 and 𝑦𝑦; hence, it will create multiple edges. Since Cayley graphs 
discussed are simple, these multiple edges will be reduced into a single edge. 

 

 
Fig. 1. Mathematica program to construct Cayley graphs of the dihedral group 
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3.3 Cayley graphs of dihedral group 

This subsection gives the results of Cayley graphs of the dihedral group for some connection 
sets based on the construction program in Figure 1. This discussion is divided into three parts 
based on the cardinality of 𝑆𝑆, that is, |𝑆𝑆| = 1, |𝑆𝑆| = 2, and |𝑆𝑆| = 3. We begin this discussion 
by giving an observation that will be helpful in some proofs discussed later. 

 
Observation 1. Let 𝑛𝑛 ∈ ℤ, 𝑛𝑛 ≥ 3. Let 𝐷𝐷2𝑛𝑛 be the dihedral group of order 2𝑛𝑛 and 𝑒𝑒 ∈ 𝐷𝐷2𝑛𝑛 be 
the identity element. Let 𝑆𝑆 ⊆ 𝐷𝐷2𝑛𝑛 − {𝑒𝑒} which is inverse-closed and 𝑠𝑠 ∈ 𝑆𝑆. Then 𝑠𝑠 is self-
inverse (that is, 𝑠𝑠 = 𝑠𝑠−1) if and only if 𝑠𝑠 = 𝑎𝑎𝑟𝑟𝑏𝑏 with 𝑟𝑟 ∈ {0, 1, 2, … , 𝑛𝑛 − 1} or 𝑠𝑠 = 𝑎𝑎𝑛𝑛/2  
if 𝑛𝑛 is even. 

 
Proof. If 𝑠𝑠 = 𝑎𝑎𝑟𝑟𝑏𝑏 with 𝑟𝑟 ∈ {0, 1, 2, . . . , 𝑛𝑛 − 1}, then 𝑠𝑠−1 = (𝑎𝑎𝑟𝑟𝑏𝑏)−1 = 𝑏𝑏−1(𝑎𝑎𝑟𝑟)−1 =
𝑏𝑏(𝑎𝑎−𝑟𝑟) = 𝑎𝑎𝑟𝑟𝑏𝑏 = 𝑠𝑠 since by the definition of dihedral group, 𝑏𝑏2 = 𝑒𝑒 ⟹ 𝑏𝑏 = 𝑏𝑏−1 and 
𝑏𝑏𝑏𝑏𝑏𝑏−1 = 𝑎𝑎−1 ⟹ 𝑏𝑏𝑎𝑎−1 = 𝑎𝑎𝑎𝑎 so that it can be proved inductively that 𝑏𝑏𝑎𝑎−𝑟𝑟 = 𝑎𝑎𝑟𝑟𝑏𝑏. If 𝑛𝑛 is 
even and 𝑠𝑠 = 𝑎𝑎𝑛𝑛/2, then 𝑠𝑠−1 = �𝑎𝑎𝑛𝑛/2�−1 = 𝑎𝑎−(𝑛𝑛/2) = 𝑒𝑒𝑎𝑎−(𝑛𝑛/2) = 𝑎𝑎𝑛𝑛𝑎𝑎−(𝑛𝑛/2) = 𝑎𝑎𝑛𝑛−𝑛𝑛/2 =
𝑎𝑎𝑛𝑛/2 = 𝑠𝑠 since by the definition of dihedral group, 𝑎𝑎𝑛𝑛 = 𝑒𝑒. Therefore, we proved that if  
𝑠𝑠 = 𝑎𝑎𝑟𝑟𝑏𝑏 with 𝑟𝑟 ∈ {0, 1, 2, … ,𝑛𝑛 − 1} or 𝑠𝑠 = 𝑎𝑎𝑛𝑛/2 if 𝑛𝑛 is even, then 𝑠𝑠 is self-inverse. On the 
contrary, let 𝑠𝑠 be self-inverse. There are two cases of 𝑠𝑠 based on the existence of 𝑏𝑏 in 𝑠𝑠. 

Case 1. If 𝑠𝑠 contains 𝑏𝑏, then 𝑠𝑠 can be written as 𝑠𝑠 = 𝑎𝑎𝑟𝑟𝑏𝑏 with 𝑟𝑟 ∈ {0, 1, 2, … ,𝑛𝑛 − 1}. 
Observe that for arbitrary 𝑟𝑟 ∈ {0, 1, 2, … , 𝑛𝑛 − 1}, 𝑠𝑠−1 = (𝑎𝑎𝑟𝑟𝑏𝑏)−1 = 𝑏𝑏−1(𝑎𝑎𝑟𝑟)−1 = 𝑏𝑏𝑎𝑎−𝑟𝑟 =
𝑎𝑎𝑟𝑟𝑏𝑏 = 𝑠𝑠. Therefore, if 𝑠𝑠 ∈ 𝑆𝑆 is self-inverse and 𝑠𝑠 contains 𝑏𝑏, then 𝑠𝑠 = 𝑎𝑎𝑟𝑟𝑏𝑏 with  
𝑟𝑟 ∈ {0, 1, 2, … , 𝑛𝑛 − 1}. 

Case 2. If 𝑠𝑠 does not contain 𝑏𝑏, then 𝑠𝑠 can be written as 𝑠𝑠 = 𝑎𝑎𝑘𝑘  with  
𝑘𝑘 ∈ {1, 2, 3, … , 𝑛𝑛 − 1}. Observe that 𝑠𝑠−1 = (𝑎𝑎𝑘𝑘)−1 = 𝑎𝑎−𝑘𝑘 = 𝑒𝑒𝑎𝑎−𝑘𝑘 = 𝑎𝑎𝑛𝑛𝑎𝑎−𝑘𝑘 = 𝑎𝑎𝑛𝑛−𝑘𝑘.  
Then 𝑠𝑠 = 𝑠𝑠−1 ⟺ 𝑎𝑎𝑘𝑘 = 𝑎𝑎𝑛𝑛−𝑘𝑘 ⟺ 𝑘𝑘 = 𝑛𝑛 − 𝑘𝑘 ⟺ 𝑘𝑘 = 𝑛𝑛

2
 if 𝑛𝑛 is even. Therefore, if 𝑠𝑠 ∈ 𝑆𝑆 

satisfies 𝑠𝑠 = 𝑠𝑠−1 and 𝑠𝑠 does not contain 𝑏𝑏, then 𝑠𝑠 = 𝑎𝑎𝑛𝑛/2 if 𝑛𝑛 is even. ∎ 
 
Remark. From Observation 1, we can also conclude that 𝑠𝑠 ∈ 𝑆𝑆 is not self-inverse if and only 
if 𝑠𝑠 = 𝑎𝑎𝑘𝑘  with 𝑘𝑘 ∈ {1, 2, 3, … ,𝑛𝑛 − 1} and 𝑘𝑘 ≠ 𝑛𝑛

2
. 

3.3.1 Graph 𝐶𝐶𝐶𝐶𝐶𝐶(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) where |𝑠𝑠| = 1 

First, we give the simulation results of Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) where |𝑆𝑆| = 1. The sets 𝑆𝑆 satisfying  
|𝑆𝑆| = 1 are given in Lemma 2. 

 
Lemma 2. Let 𝑛𝑛 ∈ ℤ, 𝑛𝑛 ≥ 3. Let 𝐷𝐷2𝑛𝑛 be the dihedral group of order 2𝑛𝑛 and 𝑒𝑒 ∈ 𝐷𝐷2𝑛𝑛 be the 
identity element. Let 𝑆𝑆 ⊆ 𝐷𝐷2𝑛𝑛 − {𝑒𝑒} which is inverse-closed. Then |𝑆𝑆| = 1 if and only if 𝑆𝑆 is 
one of the following sets: 

1. {𝑎𝑎𝑟𝑟𝑏𝑏} where 𝑟𝑟 ∈ {0, 1, 2, … ,𝑛𝑛 − 1}, or 
2. {𝑎𝑎𝑛𝑛/2} if 𝑛𝑛 is even. 

Proof. It is clear that if 𝑆𝑆 = {𝑎𝑎𝑟𝑟𝑏𝑏} with 𝑟𝑟 ∈ {0, 1, 2, … ,𝑛𝑛 − 1} or 𝑆𝑆 = �𝑎𝑎𝑛𝑛/2� if 𝑛𝑛 is even, then 
|𝑆𝑆| = 1. On the contrary, let |𝑆𝑆| = 1. Then we can write 𝑆𝑆 = {𝑠𝑠} for some 𝑠𝑠 ∈ 𝐷𝐷2𝑛𝑛 − {𝑒𝑒}. 
Since 𝑆𝑆 is inverse-closed, then 𝑠𝑠 must satisfy 𝑠𝑠 = 𝑠𝑠−1 and by Observation 1, we obtain two 
different sets 𝑆𝑆, that is, 𝑆𝑆 = {𝑎𝑎𝑟𝑟𝑏𝑏} with 𝑟𝑟 ∈ {0, 1, 2, … , 𝑛𝑛 − 1} or 𝑆𝑆 = �𝑎𝑎𝑛𝑛/2� if 𝑛𝑛 is even. ∎ 
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The simulation results of Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) for connection sets 𝑆𝑆 = {𝑎𝑎𝑟𝑟𝑏𝑏}, 𝑟𝑟 ∈ {0, 1, 2, … , 𝑛𝑛 − 1} 
and 𝑆𝑆 = �𝑎𝑎𝑛𝑛/2� if 𝑛𝑛 is even are shown in Table 1 and Table 2, respectively. 

 

Table 1. Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = {𝑎𝑎𝑟𝑟𝑏𝑏}, 𝑟𝑟 ∈ {0, 1, 2, … , 𝑛𝑛 − 1}. 

𝑛𝑛 
𝑟𝑟 

0 1 2 3 4 

3 

   
  

4 

    

 

5 

     

 

Table 2. Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = �𝑎𝑎𝑛𝑛/2�, 𝑛𝑛 is even. 

𝑛𝑛 4 6 8 

Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) 

 

 
 

3.3.2 Graph 𝐶𝐶𝐶𝐶𝐶𝐶(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) where |𝑆𝑆| = 2 

Next, we give the simulation results of Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) where |𝑆𝑆| = 2. The sets 𝑆𝑆 satisfying 
|𝑆𝑆| = 2 are given in Lemma 3. 

 
Lemma 3. Let 𝑛𝑛 ∈ ℤ, 𝑛𝑛 ≥ 3. Let 𝐷𝐷2𝑛𝑛 be the dihedral group of order 2𝑛𝑛 and 𝑒𝑒 ∈ 𝐷𝐷2𝑛𝑛 be the 
identity element. Let 𝑆𝑆 ⊆ 𝐷𝐷2𝑛𝑛 − {𝑒𝑒} which is inverse-closed. Then |𝑆𝑆| = 2 if and only if 𝑆𝑆 is 
one of the following sets: 
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1. {𝑎𝑎𝑘𝑘 ,𝑎𝑎𝑛𝑛−𝑘𝑘} where 𝑘𝑘 ∈ {1, 2, 3, … , 𝑛𝑛 − 1}, 𝑘𝑘 ≠ 𝑛𝑛
2
, or 

2. {𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑠𝑠𝑏𝑏} where 𝑟𝑟, 𝑠𝑠 ∈ {0, 1, 2, … ,𝑛𝑛 − 1}, 𝑟𝑟 ≠ 𝑠𝑠, or 
3. �𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑛𝑛/2� if 𝑛𝑛 is even and 𝑟𝑟 ∈ {0, 1, 2, … , 𝑛𝑛 − 1}. 

 
Proof. It is clear that if 𝑆𝑆 is the set given in number 1, 2, or 3, then |𝑆𝑆| = 2. On the contrary, 
let |𝑆𝑆| = 2. Then we can write 𝑆𝑆 = {𝑠𝑠1, 𝑠𝑠2} for some 𝑠𝑠1, 𝑠𝑠2 ∈ 𝐷𝐷2𝑛𝑛 − {𝑒𝑒} and 𝑠𝑠1 ≠ 𝑠𝑠2.  
There are some cases for 𝑠𝑠1 and 𝑠𝑠2 based on whether 𝑠𝑠1 and 𝑠𝑠2 are self-inverse or not. 

Case 1. Suppose that 𝑠𝑠1 and 𝑠𝑠2 are self-inverse. By Observation 1 and the condition that 
𝑠𝑠1 ≠ 𝑠𝑠2, there are two subcases based on the existence of 𝑎𝑎𝑛𝑛/2 in 𝑆𝑆. Subcase 1: Suppose that 
𝑎𝑎𝑛𝑛/2 ∉ 𝑆𝑆. Then 𝑠𝑠1 = 𝑎𝑎𝑟𝑟𝑏𝑏 and 𝑠𝑠2 = 𝑎𝑎𝑠𝑠𝑏𝑏 where 𝑟𝑟, 𝑠𝑠 ∈ {0, 1, 2, … ,𝑛𝑛 − 1}, 𝑟𝑟 ≠ 𝑠𝑠. Therefore, 
𝑆𝑆 = {𝑎𝑎𝑟𝑟𝑏𝑏,𝑎𝑎𝑠𝑠𝑏𝑏} and we obtain the set in number 2. Subcase 2: Suppose that 𝑎𝑎𝑛𝑛/2 ∈ 𝑆𝑆. 
Without loss of generality, let 𝑠𝑠1 = 𝑎𝑎𝑟𝑟𝑏𝑏 where 𝑟𝑟 ∈ {0, 1, 2, … , 𝑛𝑛 − 1} and 𝑠𝑠2 = 𝑎𝑎𝑛𝑛/2 if 𝑛𝑛 is 
even. Then 𝑆𝑆 = {𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑛𝑛/2} and we obtain the set in number 3. 

Case 2. Suppose 𝑠𝑠1 and 𝑠𝑠2 are not self-inverse. From the remark of Observation 1,  
we know that 𝑠𝑠1 = 𝑎𝑎𝑘𝑘1  and 𝑠𝑠2 = 𝑎𝑎𝑘𝑘2  for some 𝑘𝑘1, 𝑘𝑘2 ∈ {1, 2, 3, … ,𝑛𝑛 − 1}, 𝑘𝑘1 ≠ 𝑘𝑘2, and 
𝑘𝑘1,𝑘𝑘2 ≠

𝑛𝑛
2
. Then 𝑆𝑆 = {𝑎𝑎𝑘𝑘1 ,𝑎𝑎𝑘𝑘2}. Since 𝑆𝑆 is inverse-closed and 𝑎𝑎𝑘𝑘1 , 𝑎𝑎𝑘𝑘2 are not self-inverse, 

then 𝑎𝑎𝑘𝑘1  must be the inverse of 𝑎𝑎𝑘𝑘2  and vice versa. Thus 𝑎𝑎𝑘𝑘2 = (𝑎𝑎𝑘𝑘1)−1 = 𝑎𝑎−𝑘𝑘1 = 𝑒𝑒𝑎𝑎−𝑘𝑘1 =
𝑎𝑎𝑛𝑛𝑎𝑎−𝑘𝑘1 = 𝑎𝑎𝑛𝑛−𝑘𝑘1. Therefore, by writing 𝑘𝑘1 = 𝑘𝑘, we obtain 𝑆𝑆 = {𝑎𝑎𝑘𝑘, 𝑎𝑎𝑛𝑛−𝑘𝑘} with  
𝑘𝑘 ∈ {1, 2, 3, … , 𝑛𝑛 − 1}, 𝑘𝑘 ≠ 𝑛𝑛

2
 which is the set in number 1. 

Case 3. Without loss of generality, suppose 𝑠𝑠1 is self-inverse and 𝑠𝑠2 is not self-inverse. 
Since 𝑠𝑠2 is not self-inverse and 𝑆𝑆 is inverse-closed, then there exists an 𝑠𝑠3 ∈ 𝑆𝑆 that differs 
from 𝑠𝑠2 such that 𝑠𝑠3 = 𝑠𝑠2−1. Since 𝑠𝑠1 is self-inverse while 𝑠𝑠3 is not self-inverse, then 𝑠𝑠3 ≠ 𝑠𝑠1. 
It means that there exists an 𝑠𝑠3 ∈ 𝑆𝑆 that differs from 𝑠𝑠1 and 𝑠𝑠2. Hence, |𝑆𝑆| = 3 which 
contradicts the condition that |𝑆𝑆| = 2. Therefore, this case is ineligible and ignored. ∎ 

 
The simulation results of Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) for connection sets 𝑆𝑆 given in number 1, 2, and 3 

in Lemma 3 are shown in Table 3, Table 4, and Table 5, respectively. 
 

Table 3. Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = {𝑎𝑎𝑘𝑘 , 𝑎𝑎𝑛𝑛−𝑘𝑘}, 𝑘𝑘 ∈ {1, 2, 3, … , 𝑛𝑛 − 1}, 𝑘𝑘 ≠ 𝑛𝑛
2
. 

𝑛𝑛 Simulation results 

𝑛𝑛 = 3 

 

𝑛𝑛 = 4 
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Table 3 (continued). Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = {𝑎𝑎𝑘𝑘 ,𝑎𝑎𝑛𝑛−𝑘𝑘},  
𝑘𝑘 ∈ {1, 2, 3, … , 𝑛𝑛 − 1}, 𝑘𝑘 ≠ 𝑛𝑛

2
. 

𝑛𝑛 Simulation results 

𝑛𝑛 = 5 

 

𝑛𝑛 = 6 

 

𝑛𝑛 = 7 

 
 

Table 4. Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = {𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑠𝑠𝑏𝑏}  
with 𝑟𝑟, 𝑠𝑠 ∈ {0, 1, 2, … , 𝑛𝑛 − 1}, 𝑟𝑟 ≠ 𝑠𝑠. 

𝑛𝑛 = 3 

 

𝑛𝑛 = 4 
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Table 4 (continued). Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = {𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑠𝑠𝑏𝑏}  
with 𝑟𝑟, 𝑠𝑠 ∈ {0, 1, 2, … , 𝑛𝑛 − 1}, 𝑟𝑟 ≠ 𝑠𝑠. 

𝑛𝑛 = 4 

 
𝑛𝑛 = 5 

 

 

 
 
 

Table 5. Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = �𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑛𝑛/2�, 𝑟𝑟 ∈ {0, 1, 2, … , 𝑛𝑛 − 1},  
𝑛𝑛 is even. 

𝑛𝑛 = 4 

 

𝑛𝑛 = 6 
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Table 5 (continued). Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = �𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑛𝑛/2�,  
𝑟𝑟 ∈ {0, 1, 2, … , 𝑛𝑛 − 1}, 𝑛𝑛 is even. 

𝑛𝑛 = 8 

 

 

3.3.3 Graph 𝐶𝐶𝐶𝐶𝐶𝐶(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) where |𝑆𝑆| = 3 

Finally, we give the simulation results of Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) where |𝑆𝑆| = 3. The sets 𝑆𝑆 satisfying 
|𝑆𝑆| = 3 are given in Lemma 4. 
 
Lemma 4. Let 𝑛𝑛 ∈ ℤ, 𝑛𝑛 ≥ 3. Let 𝐷𝐷2𝑛𝑛 be the dihedral group of order 2𝑛𝑛 and 𝑒𝑒 ∈ 𝐷𝐷2𝑛𝑛 be the 
identity element. Let 𝑆𝑆 ⊆ 𝐷𝐷2𝑛𝑛 − {𝑒𝑒} which is inverse-closed. Then |𝑆𝑆| = 3 if and only if 𝑆𝑆 is 
one of the following sets: 

1. {𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑠𝑠𝑏𝑏,𝑎𝑎𝑡𝑡𝑏𝑏} where 𝑟𝑟, 𝑠𝑠, 𝑡𝑡 ∈ {0, 1, 2, … ,𝑛𝑛 − 1} which are different from each 
other, or 

2. �𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑠𝑠𝑏𝑏,𝑎𝑎𝑛𝑛/2� where 𝑟𝑟, 𝑠𝑠 ∈ {0, 1, 2, … , 𝑛𝑛 − 1}, 𝑟𝑟 ≠ 𝑠𝑠, 𝑛𝑛 is even, or 
3. {𝑎𝑎𝑘𝑘 ,𝑎𝑎𝑛𝑛−𝑘𝑘, 𝑎𝑎𝑟𝑟𝑏𝑏} where 𝑟𝑟 ∈ {0, 1, 2, … , 𝑛𝑛 − 1}, 𝑘𝑘 ∈ {1, 2, 3, … , 𝑛𝑛 − 1}, 𝑘𝑘 ≠ 𝑛𝑛

2
, or 

4. �𝑎𝑎𝑘𝑘 ,𝑎𝑎𝑛𝑛−𝑘𝑘, 𝑎𝑎𝑛𝑛/2� where 𝑘𝑘 ∈ {1, 2, 3, … ,𝑛𝑛 − 1}, 𝑘𝑘 ≠ 𝑛𝑛
2
, 𝑛𝑛 is even. 

 
Proof. It is clear that if 𝑆𝑆 is the set given in number 1, 2, 3, or 4, then |𝑆𝑆| = 3. On the contrary, 
let |𝑆𝑆| = 3. Then we can write 𝑆𝑆 = {𝑠𝑠1, 𝑠𝑠2, 𝑠𝑠3} for some 𝑠𝑠1, 𝑠𝑠2, 𝑠𝑠3 ∈ 𝐷𝐷2𝑛𝑛 − {𝑒𝑒} which are 
different from each other. There are some cases based on the number of elements of 𝑆𝑆 that 
are self-inverse. 

Case 1. Suppose that there are three self-inverse elements in 𝑆𝑆, that is 𝑠𝑠1, 𝑠𝑠2, and 𝑠𝑠3. 
Then by Observation 1, there are two subcases based on the existence of 𝑎𝑎𝑛𝑛/2 in 𝑆𝑆.  
Subcase 1: Suppose 𝑎𝑎𝑛𝑛/2 ∉ 𝑆𝑆. Then 𝑠𝑠1 = 𝑎𝑎𝑟𝑟𝑏𝑏, 𝑠𝑠2 = 𝑎𝑎𝑠𝑠𝑏𝑏, and 𝑠𝑠3 = 𝑎𝑎𝑡𝑡𝑏𝑏 with 𝑟𝑟, 𝑠𝑠, 𝑡𝑡 ∈
{0, 1, 2, … , 𝑛𝑛 − 1} which are different from each other. Therefore, 𝑆𝑆 = {𝑎𝑎𝑟𝑟𝑏𝑏,𝑎𝑎𝑠𝑠𝑏𝑏, 𝑎𝑎𝑡𝑡𝑏𝑏} and 
we obtain the set in number 1. Subcase 2: Suppose that 𝑎𝑎𝑛𝑛/2 ∈ 𝑆𝑆. Without loss of generality, 
let 𝑠𝑠1 = 𝑎𝑎𝑟𝑟𝑏𝑏, 𝑠𝑠2 = 𝑎𝑎𝑠𝑠𝑏𝑏, and 𝑠𝑠3 = 𝑎𝑎𝑛𝑛/2 with 𝑟𝑟, 𝑠𝑠 ∈ {0, 1, 2, … , 𝑛𝑛 − 1}, 𝑟𝑟 ≠ 𝑠𝑠, and 𝑛𝑛 is even. 
Then 𝑆𝑆 = {𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑠𝑠𝑏𝑏,𝑎𝑎𝑛𝑛/2} and we obtain the set in number 2. 

Case 2. Suppose that there are two self-inverse elements in 𝑆𝑆. Without loss of 
generality, suppose that 𝑠𝑠1 and 𝑠𝑠2 are self-inverse and 𝑠𝑠3 is not self-inverse. Then there exists 
an 𝑠𝑠4 ∈ 𝑆𝑆 where 𝑠𝑠4 ≠ 𝑠𝑠3 such that 𝑠𝑠4 = 𝑠𝑠3−1. Since 𝑠𝑠1 and 𝑠𝑠2 are self-inverse while 𝑠𝑠4 is not 
self-inverse, then 𝑠𝑠4 ≠ 𝑠𝑠1 and 𝑠𝑠4 ≠ 𝑠𝑠2. It means that there exists an 𝑠𝑠4 ∈ 𝑆𝑆 which is different 
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from 𝑠𝑠1, 𝑠𝑠2, and 𝑠𝑠3. Hence |𝑆𝑆| = 4 which contradicts the condition that |𝑆𝑆| = 3. Therefore, 
this case is ineligible and ignored. 

Case 3. Suppose that there is one self-inverse element in 𝑆𝑆. Without loss of generality, 
suppose 𝑠𝑠3 is self-inverse while 𝑠𝑠1 and 𝑠𝑠2 are not self-inverse. Since 𝑠𝑠1 and 𝑠𝑠2 are not self-
inverse and 𝑆𝑆 is inverse-closed, then 𝑠𝑠1 must be the inverse of 𝑠𝑠2, that is 𝑠𝑠2 = 𝑠𝑠1−1, and vice 
versa. From the remark of Observation 1, without loss of generality, let 𝑠𝑠1 = 𝑎𝑎𝑘𝑘  and  
𝑠𝑠2 = 𝑎𝑎𝑛𝑛−𝑘𝑘 with 𝑘𝑘 ∈ {1, 2, 3, … , 𝑛𝑛 − 1} and 𝑘𝑘 ≠ 𝑛𝑛

2
. From Observation 1, there are two 

subcases as follows. Subcase 1: If 𝑠𝑠3 = 𝑎𝑎𝑟𝑟𝑏𝑏 where 𝑟𝑟 ∈ {0, 1, 2, … ,𝑛𝑛 − 1}, then  
𝑆𝑆 = {𝑎𝑎𝑘𝑘, 𝑎𝑎𝑛𝑛−𝑘𝑘, 𝑎𝑎𝑟𝑟𝑏𝑏} and we obtain the set in number 3. Subcase 2: If 𝑛𝑛 is even and  
𝑠𝑠3 = 𝑎𝑎𝑛𝑛/2, then 𝑆𝑆 = �𝑎𝑎𝑘𝑘, 𝑎𝑎𝑛𝑛−𝑘𝑘,𝑎𝑎𝑛𝑛/2� and we obtain the set in number 4. 

Case 4. Suppose that there is no self-inverse element in 𝑆𝑆 so 𝑠𝑠1, 𝑠𝑠2, and 𝑠𝑠3 are not self-
inverse. Since 𝑆𝑆 is inverse-closed, without loss of generality, let 𝑠𝑠2 be the inverse of 𝑠𝑠1,  
that is 𝑠𝑠2 = 𝑠𝑠1−1. Since 𝑠𝑠3 is not self-inverse, then there exists an 𝑠𝑠4 ∈ 𝑆𝑆 where 𝑠𝑠4 ≠ 𝑠𝑠3 such 
that 𝑠𝑠4 = 𝑠𝑠3−1. Observe that if 𝑠𝑠4 = 𝑠𝑠1, then 𝑠𝑠3−1 = 𝑠𝑠4 = 𝑠𝑠1 = 𝑠𝑠2−1 ⟹ 𝑠𝑠3 = 𝑠𝑠2 and if 𝑠𝑠4 = 𝑠𝑠2, 
then 𝑠𝑠3−1 = 𝑠𝑠4 = 𝑠𝑠2 = 𝑠𝑠1−1 ⟹ 𝑠𝑠3 = 𝑠𝑠1. These results are contradicting the fact that 𝑠𝑠1, 𝑠𝑠2, 
and 𝑠𝑠3 are different from each other. Then 𝑠𝑠4 must be different from 𝑠𝑠1 and 𝑠𝑠2. It means that 
there exists an 𝑠𝑠4 ∈ 𝑆𝑆 which is different from 𝑠𝑠1, 𝑠𝑠2, and 𝑠𝑠3. Hence |𝑆𝑆| = 4 which contradicts 
the condition that |𝑆𝑆| = 3. Therefore, this case is ineligible and ignored. ∎ 
 

The simulation results of Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) for connection sets 𝑆𝑆 given in number 1, 2, 3, and 
4 in Lemma 4 are shown in Tables 6, 7, 8, and 9, respectively. To simplify the presentation, 
every graph shown in Table 6 is Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) where 𝑆𝑆 = {𝑎𝑎𝑟𝑟𝑏𝑏,𝑎𝑎𝑠𝑠𝑏𝑏, 𝑎𝑎𝑡𝑡𝑏𝑏}, 𝑟𝑟, 𝑠𝑠, 𝑡𝑡 ∈
{0, 1, 2 … ,𝑛𝑛 − 1}, and 𝑟𝑟 < 𝑠𝑠 < 𝑡𝑡. 
 

 
Table 6. Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = {𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑠𝑠𝑏𝑏, 𝑎𝑎𝑡𝑡𝑏𝑏}, 𝑟𝑟, 𝑠𝑠, 𝑡𝑡 ∈ {0, 1, 2 … , 𝑛𝑛 − 1}  

which are different from each other. 

𝑛𝑛 = 3 

 

𝑛𝑛 = 4 
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Table 6 (continued). Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = {𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑠𝑠𝑏𝑏, 𝑎𝑎𝑡𝑡𝑏𝑏},  
𝑟𝑟, 𝑠𝑠, 𝑡𝑡 ∈ {0, 1, 2 … , 𝑛𝑛 − 1} which are different from each other. 

𝑛𝑛 = 5 

 

 
 

Table 7. Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = �𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑠𝑠𝑏𝑏, 𝑎𝑎𝑛𝑛/2�, 𝑟𝑟, 𝑠𝑠 ∈ {0, 1, 2, … , 𝑛𝑛 − 1}, 
𝑟𝑟 ≠ 𝑠𝑠, 𝑛𝑛 is even. 

𝑛𝑛 = 4 

 

 

𝑛𝑛 = 6 
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Table 7 (continued). Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = �𝑎𝑎𝑟𝑟𝑏𝑏, 𝑎𝑎𝑠𝑠𝑏𝑏, 𝑎𝑎𝑛𝑛/2�,  
𝑟𝑟, 𝑠𝑠 ∈ {0, 1, 2, … ,𝑛𝑛 − 1}, 𝑟𝑟 ≠ 𝑠𝑠, 𝑛𝑛 is even. 

𝑛𝑛 = 6 

 

 

 

 
 

Table 8. Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = {𝑎𝑎𝑘𝑘 , 𝑎𝑎𝑛𝑛−𝑘𝑘 ,𝑎𝑎𝑟𝑟𝑏𝑏}, 𝑟𝑟 ∈ {0, 1, 2, … , 𝑛𝑛 − 1}, 
𝑘𝑘 ∈ {1, 2, … , 𝑛𝑛 − 1}, 𝑘𝑘 ≠ 𝑛𝑛

2
. 

𝑛𝑛 = 3 

 

𝑛𝑛 = 4 
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Table 8 (continued). Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = {𝑎𝑎𝑘𝑘 ,𝑎𝑎𝑛𝑛−𝑘𝑘 ,𝑎𝑎𝑟𝑟𝑏𝑏},  

𝑟𝑟 ∈ {0, 1, 2, … , 𝑛𝑛 − 1}, 𝑘𝑘 ∈ {1, 2, … , 𝑛𝑛 − 1}, 𝑘𝑘 ≠ 𝑛𝑛
2
. 

𝑛𝑛 = 5 

 

 

 

 
 

Table 9. Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = �𝑎𝑎𝑘𝑘 , 𝑎𝑎𝑛𝑛−𝑘𝑘 ,𝑎𝑎𝑛𝑛/2�, 𝑘𝑘 ∈ {1, 2, 3, … ,𝑛𝑛 − 1}, 
𝑘𝑘 ≠ 𝑛𝑛

2
, 𝑛𝑛 is even. 

𝑛𝑛 = 4 

 

𝑛𝑛 = 6 
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Table 9 (continued). Simulation results of Cay(𝐷𝐷2𝑛𝑛,𝑆𝑆) where 𝑆𝑆 = �𝑎𝑎𝑘𝑘 ,𝑎𝑎𝑛𝑛−𝑘𝑘 ,𝑎𝑎𝑛𝑛/2�,  
𝑘𝑘 ∈ {1, 2, 3, … , 𝑛𝑛 − 1}, 𝑘𝑘 ≠ 𝑛𝑛

2
, 𝑛𝑛 is even. 

𝑛𝑛 = 8 

 

4 Conclusion 
In this paper, we conducted simulations of Cayley graphs of the dihedral group using 
Mathematica. By writing a program, we can construct Cayley graphs of dihedral group 
Cay(𝐷𝐷2𝑛𝑛 ,𝑆𝑆) for some connection sets 𝑆𝑆. Then we found all connection sets 𝑆𝑆 where  
|𝑆𝑆| = 1, 2, 3 that satisfy the conditions: 𝑆𝑆 ⊆ 𝐷𝐷2𝑛𝑛 − {𝑒𝑒} where 𝑒𝑒 is the identity element of 𝐷𝐷2𝑛𝑛 
and 𝑆𝑆 is inverse-closed. By using the program written in Figure 1 and using these connection 
sets 𝑆𝑆, we found the Cayley graphs of the dihedral group shown in the tables in this paper. 
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