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Abstract. Let ' be a finite group with identity element e and let
S cT —{e} which is inverse-closed, i.e, S=S"1:= {s71: s€ S}
An undirected Cayley graph on a group I' with connection set S, denoted by
Cay(T,S), is a graph with vertex set I and edges xy for all pairs x,y € T
such that xy~! € S. The dihedral group of order 2n, denoted by D,,, is
a group generated by two elements a and b subject to the three relations:
a® =e, b>=e, and bab™! = a~!. In this paper, we investigate the
Cayley graphs of the dihedral group for some connection sets S satisfying
|S| = 1,2, 3 by doing simulations using Wolfram Mathematica.
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1 Introduction

A nonempty set I' is said to be a group if in I' there is defined an operation * such that
(1)ifa,b € T,thena*b € T, (2)ifa,b,c € T,thena * (b * ¢) = (a * b)  c, (3) there exists
anelement e € ' suchthata * e = e x a = a for all a € T (such element is called the identity
element of I'), and (4) for every a €T there exists an element b € I' such that
ax*b=bxa=e (b is called the inverse of @ in T and b can be written as a™1) [1].
One way to describe some groups is by giving generators and relations. An example of
a group that can be described by generators and relations is the dihedral group. The dihedral
group of order 2n, denoted by D,,,, is a group generated by two elements a and b subject to
the three relations: a® = e, b2 = e, and bab™! = a~! where e is the identity element in D,,,
[2]. The set D,,, can be written as D,,, = {e, a,a?, ...,a™ %, b,ab, a’b, ...,a" 1b}.

A graph G = (V, E) is an ordered pair of a finite non-empty set V of objects called vertices
and a set E' of 2-element subsets of V called edges [3]. In this research, all graphs are simple
and undirected. A Cayley graph is a graph that is constructed from a group using certain rules
as follows. Let I' be a finite group with identity element e and let S C T'. Initially, a Cayley
graph was defined as a directed graph, that is, a Cayley graph on I' with a connection set S,
denoted by Cay(T,S), is a graph with vertex set ' and arcs (x, y) for all pairs x,y € I such
that xy ' € S. If e € S and S is inverse-closed, that is, S = S™1 := {57 : 5 € S}, then the
Cayley graph is simple and undirected [4]. Therefore, in this research, we use S that satisfies
e € S and S is inverse-closed. The Cayley graph has an important role in constructing
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expander graphs [5, 6] and its adjacency matrix eigenvalues have an important role in
algebraic graph theory and have applications in various fields, such as chemical graph theory,
quantum computing, and others [4]. On the other hand, Cayley graphs can also be defined on
a semigroup [7] and ring [8, 9]. Another research on Cayley graphs can be found in [10, 11].

In this paper, we investigate the Cayley graphs of the dihedral group for some connection
sets S satisfying |S| = 1, 2,3 by writing a program in the Mathematica software to construct
Cayley graphs of a dihedral group.

2 Materials and method

This paper was prepared by conducting literature reviews on Cayley graphs, dihedral groups,
and their properties. Then, write a program in Mathematica to construct Cayley graphs
Cay(D,,,S) given the value of n and the connection set S. Then, find some connection sets
for Cayley graphs of the dihedral group with cardinality 1, 2, and 3 and use them to construct
Cayley graphs of the dihedral group.

3 Results and discussion

3.1 Isomorphism between dihedral group and Z,, x Z,

Let Z,, X Z, be the Cartesian product of Z,, and Z,, thatis, Z,, X Z, = {(x,y) : x € Z,,y €
Z,}. This discussion aims to construct an isomorphism between the dihedral group D,,, and
Z,, X Z, by constructing an operation in Z, X Z,. This isomorphism will make it easier to
write and analyze neighbors of a vertex in the following discussion.

Observe that every element in D,, can be written in the form a*bY with x € Z,, and
y € Z,. We construct a mapping f : Dy, = Z, X Z, that maps a*b? € D,, to the ordered
pair (x,y) € Z,, X Z,, that is,

f(a*bY) = (x,y) for all a*b? € D,,,. (1)

For example, a?b maps to (2,1), a maps to (1,0), and identity element e maps to (0,0).
We construct an operation in Z,, X Z, defined by,

(x1 + x2,¥2), y1=0;

(X1 =x2,y,+1), y1 =1, )

(1, y1)(x2,y2) = {

for all (xy,y4), (x3,¥2) € Z,, X Z, with addition and subtraction in the first and second
components are in modulo n and modulo 2, respectively. It can be proved that the set Z,, X Z,
with the operation defined in Equation (2) form a group and the mapping f defined in
Equation (1) is an isomorphism between D,,, and Z,, X Z,. Therefore, the notations a*b? and
(x,y) are interchangeable.

3.2 Construction of Cayley graphs of dihedral group with Mathematica

Before we explain the construction process, it is necessary to note the following observation.
Let T be a finite group and S € T — {e} which is inverse-closed. Consider the Cayley graph
Cay(T,S). Since Cay(T,S) is undirected and S is inverse-closed, the vertices x and y are
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adjacent if and only if xy~* € S and yx~! € S. That is, there exists an s € S such that
yx~1 = s =y = sx. Then for each x € T and s € S, the vertex x adjacent with the vertex
sx and form the edge {x, sx}. Therefore, we obtain a technique to construct edges that are
incident to a vertex. This technique is used in the construction of Cayley graphs of the
dihedral group explained in the following.

Suppose we want to construct Cay(D,y,, S) using the program in Fig. 1. The inputs of this
program are the value of n and the connection set S. Let f be the mapping defined in
Equation (1). First, we define a function “Prod” that maps two elements (xq,y,), (X2, y,) €
f (D) to the product (x;,v;)(x,,v,) with the operation defined in Equation (2). Then,
we construct the vertex set of Cay(D,,,S) which is the set D,, represented by f(D,,) =
Z, X Z,, since their notations are interchangeable. Then we construct the edge set of
Cay(D,,,S) as follows. For each (x,y) € f(D,,) and s €S, we construct the edge
{(x,y),s(x,y)}. The output of this program is the figure of the Cayley graph Cay(D,,,S)
with the previously constructed vertex and edge sets. Note that in Mathematica, the tuple
(x,y) € Z, X Z, is written as {x,y}. Since this program runs iteratively, it will create the
edges xy and yx for all x and y; hence, it will create multiple edges. Since Cayley graphs
discussed are simple, these multiple edges will be reduced into a single edge.

CayleyDihedral[n_, S_] :=
Module[ {Prod, x, y, VG, EG},

(* operation in Z, x Z, %)
Prod[{x1_, y1_}, {x2_, y2_}] :={Mod[x1 + (-1)~y1*x2, n], Mod[y1+y2, 2]1};

(*» vertex set in Cay(Dy,,S) *)
VG :={};
For[x =0, x<n-1, x++,
For[y =0, y<1, y++,
VG = Append [VG, {x, y}]
1
15

(*» edge set in Cay(D;,,S) *)
EG :={};
For[i=1,1i< 2n, i++,
{x, y} = {VG[[i, 1]1, VG[[i, 2]11};
For[j =1, j <Length[S], j++,
EG = Append [EG, {X, y} —Prod[S[[j]], {x, y}11;
]
15

(* reduce multiple edges and produce the image of Cay (D;,,S) *)
SimpleGraph[
Graph [VG, EG], VertexLabels » Automatic, VertexSize » 0.2,
VertexStyle -» Black, EdgeStyle - Black
1
]

Fig. 1. Mathematica program to construct Cayley graphs of the dihedral group
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3.3 Cayley graphs of dihedral group

This subsection gives the results of Cayley graphs of the dihedral group for some connection
sets based on the construction program in Figure 1. This discussion is divided into three parts
based on the cardinality of S, that is, |S| = 1, |S| = 2, and |S| = 3. We begin this discussion
by giving an observation that will be helpful in some proofs discussed later.

Observation 1. Let n € Z, n > 3. Let D,,, be the dihedral group of order 2n and e € D,,, be
the identity element. Let S € D,,, — {e} which is inverse-closed and s € S. Then s is self-
inverse (that is, s = s~1) if and only if s = a”b with r € {0,1,2,...,n — 1} or s = a™/?
if n is even.

Proof. If s=a"b with r€{0,1,2,...,n—1}, then st =(a"b) 1 =b"1(a")t =
b(a™) =a"b = s since by the definition of dihedral group, b’ =e = b = b1 and
bab™' = a™! = ba~! = ab so that it can be proved inductively that ba™ = a"b. If n is
even and s = a2, then s™! = (a"/z)_1 =a WD = eq~/2) = gng-(/2) = gn-—n/2 =
a™? = s since by the definition of dihedral group, a™ = e. Therefore, we proved that if
s=a"bwithr €{0,1,2,..,n — 1} or s = a2 if n is even, then s is self-inverse. On the
contrary, let s be self-inverse. There are two cases of s based on the existence of b in s.

Case 1. If s contains b, then s can be written as s = a”"b with r € {0,1,2,...,n — 1}.
Observe that for arbitrary r € {0,1,2,...,n—1}, s71 = (a"b) P =b"1(a") 1 =ba™" =
a"b = s. Therefore, if s €S 1is self-inverse and s contains b, then s =a"b with
re{0,1,2,..,n—1}.

Case 2. If s does not contain b, then s can be written as s =aX with
ke{1,2,3,..,n—1}). Observe that s 1= (@) 1=a*=cea*=q%*=a"*
Then s =s 1 & gk =a™* (:)kzn—k(:)kzg if n is even. Therefore, if s€S

n/2

satisfies s = s~ and s does not contain b, then s = a™/? if n is even. m

Remark. From Observation 1, we can also conclude that s € S is not self-inverse if and only
ifs =a*withk € {1,2,3,..,n—1}and k # g

3.3.1 Graph Cay(D,,,S) where |s| =1

First, we give the simulation results of Cay(D,,,S) where |S| = 1. The sets S satisfying
|S| = 1 are given in Lemma 2.

Lemma 2. Letn € Z, n = 3. Let D,,, be the dihedral group of order 2n and e € D,, be the
identity element. Let S € D,,, — {e} which is inverse-closed. Then |S| = 1 if and only if S is
one of the following sets:

1. {a"b}wherer €{0,1,2,...,n— 1}, or
2. {a™?}ifniseven.

Proof. tis clear that if S = {a"b} withr € {0,1,2,...,n—1}orS = {a"/z} if n is even, then
|S| = 1. On the contrary, let |S| = 1. Then we can write S = {s} for some s € D,,, — {e}.
Since S is inverse-closed, then s must satisfy s = s~1 and by Observation 1, we obtain two
different sets S, thatis, § = {a"b} withr € {0,1,2,...,n —1}or S = {a"/z} ifniseven. m
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The simulation results of Cay(D,,,S) for connection sets S = {a"b}, r € {0,1,2,...,n — 1}
and S = {a"/ 2} if n is even are shown in Table 1 and Table 2, respectively.

Table 1. Simulation results of Cay(D,,,S) where S = {a"b},r €{0,1,2,...,n— 1}.

r
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Table 2. Simulation results of Cay(Ds,, S) where S = {a™/?}, n is even.
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[ L] L] (] [ ] (]
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3.3.2 Graph Cay(D,,,S) where |S| = 2

Next, we give the simulation results of Cay(D,,,S) where |S| = 2. The sets S satisfying
|S| = 2 are given in Lemma 3.

Lemma 3. Let n € Z, n > 3. Let D,,, be the dihedral group of order 2n and e € D,,, be the
identity element. Let S € D,,, — {e} which is inverse-closed. Then |S| = 2 if and only if S is
one of the following sets:
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1. {a* a™*}wherek €{1,2,3,..,n—1}, k # g, or
2. {a"b,a’b} wherer,s €{0,1,2,..,n—1}, v # s, or
3. {a"b,a™?}ifnisevenandr €{0,1,2,..,n — 1}.

Proof. Tt is clear that if S is the set given in number 1, 2, or 3, then |S| = 2. On the contrary,
let |S| = 2. Then we can write S = {s;,s,} for some s;,s, € D,, — {e} and s; # s,.
There are some cases for s; and s, based on whether s; and s, are self-inverse or not.

Case 1. Suppose that s; and s, are self-inverse. By Observation 1 and the condition that
S # S,, there are two subcases based on the existence of a™/? in S. Subecase 1: Suppose that
a™? ¢ S. Then s; = a”b and s, = a’h where 1,5 € {0,1,2, ...,n — 1}, r # s. Therefore,
S ={a"b,a’b} and we obtain the set in number 2. Subcase 2: Suppose that a™/? € .
Without loss of generality, let s; = a”b where r € {0,1,2,...,n — 1} and s, = a™? if n is
even. Then S = {a”h, a™?} and we obtain the set in number 3.

Case 2. Suppose s; and s, are not self-inverse. From the remark of Observation 1,
we know that s; = a®¥* and s, = a*2 for some ky,k, € {1,2,3,..,n — 1}, k; # k,, and
ki k, g Then S = {a¥1, a*2}. Since S is inverse-closed and a*1, a2 are not self-inverse,
then a®t must be the inverse of ak2 and vice versa. Thus a*2 = (a¥1)™! = g% = eq 1 =
aa %1 = " %1, Therefore, by writing k; =k, we obtain S ={a¥ a™ ¥} with
ke{1,2,3,..n—1}L k # g which is the set in number 1.

Case 3. Without loss of generality, suppose s; is self-inverse and s, is not self-inverse.
Since s, is not self-inverse and S is inverse-closed, then there exists an s; € S that differs
from s, such that s; = s;*. Since s, is self-inverse while s5 is not self-inverse, then s5 # s;.
It means that there exists an s; € S that differs from s, and s,. Hence, |S| = 3 which
contradicts the condition that |S| = 2. Therefore, this case is ineligible and ignored. m

The simulation results of Cay(D,,,S) for connection sets S given in number 1, 2, and 3
in Lemma 3 are shown in Table 3, Table 4, and Table 5, respectively.

Table 3. Simulation results of Cay(D,y,,S) where S = {a¥,a™ %}, k€ {1,2,3,..,n—1}, k # g

n Simulation results

k 1

~

@1 1) @1 {1

n=3 cay (D;,,S)

2.0) 1.0} 2.0 1.0

k 1

w

2.1 8.1 @1 3.1}

o1 o1

2.0 3.0 2,0 (3.0

n=4 Cay (D;0,5)

1,0 {0.0} {1,0 {0.0}
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Table 3 (continued). Simulation results of Cay(Dy,,, S) where S = {a¥, a™ ¥},
k€{1,2,3, .., n—1} k%

n Simulation results

{0.1}
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12,0} {4.0}
6} 2.0y

k 1 2 3 4
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3

Table 4. Simulation results of Cay(D,,,S) where S = {a"b, a’b}
withr,s €{0,1,2,..,n— 1}, r # s.

n=3
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Table 4 (continued). Simulation results of Cay(D,,,S) where S = {a"b, a®b}
withr,s €{0,1,2,..,n— 1}, r # s.
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Table 5. Simulation results of Cay(Ds,, S) where S = {a"b,a™?},r € {0,1,2,
nis even.
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Table 5 (continued). Simulation results of Cay(D,,, S) where S = {a”h, a™?},
r€{0,1,2,..,n— 1}, nis even.

n=28

r 2] 1 2 3
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3.3.3 Graph Cay(D;,, S) where |S| = 3

Finally, we give the simulation results of Cay(D,,,S) where |S| = 3. The sets S satisfying
|S| = 3 are given in Lemma 4.

Lemma 4. Let n € Z, n = 3. Let D,,, be the dihedral group of order 2n and e € D,,, be the
identity element. Let S € D,,, — {e} which is inverse-closed. Then |S| = 3 if and only if S is
one of the following sets:

1. {a"b,a’b,atb} where r,s,t €{0,1,2,...,n — 1} which are different from each
other, or
{a"b,a’h,a™?} where ,s € {0,1,2,...,n — 1}, 7 # s, n is even, or
{a*,a™ ¥ a"b} wherer €{0,1,2,...,n—1}L, k€{1,2,3,..,n—1}, k # g, or

4. {a* a"* av?} wherek € {1,2,3,..,n— 1}, k # g, n is even.

Proof. It is clear that if S is the set given in number 1, 2, 3, or 4, then |S| = 3. On the contrary,
let |S| = 3. Then we can write S = {s;,S,, s3} for some s,, S5, 3 € D,,, — {e} which are
different from each other. There are some cases based on the number of elements of S that
are self-inverse.

Case 1. Suppose that there are three self-inverse elements in S, that is s;, S,, and s3.
Then by Observation 1, there are two subcases based on the existence of a™? in S.
Subcase 1: Suppose a™? & S. Then s; = a’h, s, = a®h, and s; = a’bh with r,s,t €
{0,1,2,...,n — 1} which are different from each other. Therefore, S = {a"b,a’h, ath} and
we obtain the set in number 1. Subcase 2: Suppose that a™? € S. Without loss of generality,
lets; = a’h, s, = a’h, and s3; = a™? withr,s €{0,1,2,...,n— 1}, r # 5, and n is even.
Then S = {a"h, a’h,a™?} and we obtain the set in number 2.

Case 2. Suppose that there are two self-inverse elements in S. Without loss of
generality, suppose that s, and s, are self-inverse and s; is not self-inverse. Then there exists
an s, € S where s, # s5 such that s, = s31. Since s; and s, are self-inverse while s, is not
self-inverse, then s, # s; and s, # s,. [t means that there exists an s, € S which is different
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from s;, s,, and s3. Hence |S| = 4 which contradicts the condition that |S| = 3. Therefore,
this case is ineligible and ignored.

Case 3. Suppose that there is one self-inverse element in S. Without loss of generality,
suppose s3 is self-inverse while s; and s, are not self-inverse. Since s; and s, are not self-
inverse and S is inverse-closed, then s; must be the inverse of s,, that is s, = s7'%, and vice
versa. From the remark of Observation 1, without loss of generality, let s; = a* and
s,=a"* with k€{1,2,3,..,n—1} and k # g From Observation 1, there are two

subcases as follows. Subcase 1: If s; =a"b where r€{0,1,2,..,n— 1}, then
S ={ak,a" % a"h} and we obtain the set in number 3. Subcase 2: If n is even and
s3 = a2, then S = {a¥, a" ¥, a™?} and we obtain the set in number 4.

Case 4. Suppose that there is no self-inverse element in S so sy, S,, and s3 are not self-
inverse. Since S is inverse-closed, without loss of generality, let s, be the inverse of s,
that is s, = sy. Since s; is not self-inverse, then there exists an s, € S where s, # s3 such
that s, = s31. Observe that if s, = 5;, then sz = s, = s; = 5;1 = s3 = s, and if s, = s,
then s;! = s, = s, = s7! = s3 = s5;. These results are contradicting the fact that s;, s,,
and s3 are different from each other. Then s, must be different from s; and s,. It means that
there exists an s, € S which is different from s, s,, and s5. Hence |S| = 4 which contradicts
the condition that |S| = 3. Therefore, this case is ineligible and ignored. m

The simulation results of Cay(D,,,S) for connection sets S given in number 1, 2, 3, and
4 in Lemma 4 are shown in Tables 6, 7, 8, and 9, respectively. To simplify the presentation,
every graph shown in Table 6 is Cay(D,,,S) where S ={a"b,a’h,ab}, r,s,t€
{0,1,2...,n—1},andr <s < t.

Table 6. Simulation results of Cay(D,,,S) where S = {a"b,a’h,ab}, r,s,t € {0,1,2...,n — 1}
which are different from each other.

n=3

{r,s,t} {0,1,2}
1.1

A -
Cay (Dz0,5) ‘
I ©.0

st

10
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Table 6 (continued). Simulation results of Cay(D,,,, S) where S = {a"b, a’h, atb},
r,s,t €{0,1,2...,n — 1} which are different from each other.

n=>5

(r,5,t) (0,1,2} 0,1,3) (0,1,4) (0,2,3)
29 @y o1

Ao
Cay (D;4,5) ! (0‘0)

{r,s,t}

@0 (1 (1.1 2.0

o U v N
Q/ ‘O) mm

1,2,3}

Cay (D;n,S)

Table 7. Simulation results of Cay(Dsy,, S) where S = {a”b, a®h,a™?},1,s €{0,1,2,..,n— 1},
r # S, niseven.

n=4

r,s) {8,1) 0,2) (0,3) (1,0) (1,2)

1,3)
.1 ©.0 {3.0} 2,1}
Cay (D20,5)
@1 2.0 ‘m w0 @1} 2.0
s 2 NG
0.0 00
tros} 2,0 2.1 (2,3) (3,0) 3,1) (3,2)
@1y (3,0} 3.0} @1
©.0 (1.1} 3.0 .1 v
.0 ) (1.0 @1 A o1
Cay (D;0,5) N /
@21 (2.0 1.0} ©.1) 3.1} (2.0}
2 (2.0}
NG 1
0] 0.0) ‘y 0.0
n==~6
(rys (0,2) (0,3}
(4, 0) X (3. 0)
6o @ 6 _@9en 60
1,0 ©.0 20
Cay (0,0,
ay (D;0,5) PP
.l .0
(rs (1,3} (1,4
(4.0} 3.1} 4.1} {3.0}
ll {0, 1} {401y 0.0}
Cay (0,0,
ay (D;0,5) P
{2.0}

11
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Table 7 (continued). Simulation results of Cay(D,,, S) where S = {a”b, a’h, a™/?},

r,s €{0,1,2,..,n

— 1}, r # s, niseven.

(r,s (2,0
@.0) @1
Cay (Dy0,5)
{rys} 3,0}
5.1} 4.0} (3,1} 3.0
SN S INEY)
Cay (D;0,S
2 (P2nsS) 5.0 41
i“‘“
{rys} (4,1}
@0 B @
(U‘”E
Cay (D;,,5 h
2 (P2nsS) 5.1 (5.0
(2,04
(r;s
Cay (Dy0,5)

3.0}

10,0}

(5,2}
(5.0}

{3.1) (5.1} 3.0}

10, 1) 10,0}

(2,4} 2,5)
{5.0) 3.1 (5.1) 3.0}

{0.0} @1}

o 0, 1| 271 {0,0)

@.1) 14,0}

(1.0}

Table 8. Simulation results of Cay(Dyy,, S) where S = {a*, a® ¥,

a"b}, re€{0,1,2,..,n— 1},

n
ke{1,2,.,.n—1}, k # -
’ 2
n=3
k,r {1,0) {1,1) (2,1} (2,2}
0.0 0.1 wn ©0.0) 0.0} ©.1 .1 0.0} 2o gOv
Cay (020,5) @0 @0 “k @0 o0 @0
(‘ " ] (2 o “ o
n=
{kyr} {1,0}
{01} 3.1 0,0} (3.0}

AN
XA

3,0}

Cay (D2n,S)

{k,r}
{0, 1} 8.1

AN
X7

Cay (D2n,S)

Avﬁ o
N

3,3}
{0,0} 3,0}

AveN
N

12
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Table 8 (continued). Simulation results of Cay(D,y,, S) where S = {a¥,a™ ¥, a"b},
re{0,1,2,.n—1}L kef{1,2,..n—1}L k # g

n=

{1.0}

0N

1,4)
3.1
2,0

{
Cay (D;n,5) @1

Cay (D;0,5)

{1,0}

Cay (Dzn,S)

4,04

(k,r}

Cay (D;n,S)

Table 9. Simulation results of Cay(Dyy,, S) where S = {ak,a"*,a™/?},k € {1,2,3,..,n — 1},
k + g, n is even.

n=4
k 1 3
3.1} 2.1 3.1} 2.1
{0, 1} {0, 1}

Cay (D2q,5)
3.0} 12,04 3,0} 2,0

3.1}

7

“’\ 0.1
g

Cay (D2n,S)

(3.0}
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Table 9 (continued). Simulation results of Cay(D,y,, S) where S = {a¥, a™ ¥, a™/?},
ke{1,2,3,.,.n—1}L k + g,n is even.

n=2=8

k 1 2 3 5 6 7
{1.1} 4.1} (3,1} {4.1) (3,1} 1,1}
6.1} 4,1} 7,1} {51

Jh o By @nmy 6 7.1 .1 ‘B on
1) 6.1 .1} 6.1
e SRR TS A5
JAN 0. 1) 1) .1 2.1y 5.1} 2. 1) (0.1} o1 AN

(7.0} (5.0} (6,0} (4,0} “.0 3.0 ©“.0 @0 (7.0} (5,0} (6.0 4,0}

(2'0) W(W)‘“) './m)‘\ o (m) “‘DM‘QD) m
£ X AR

Cay (D2q,5)

J

==

4 Conclusion

In this paper, we conducted simulations of Cayley graphs of the dihedral group using
Mathematica. By writing a program, we can construct Cayley graphs of dihedral group
Cay(D,,,S) for some connection sets S. Then we found all connection sets S where
|S| = 1, 2, 3 that satisfy the conditions: S € D,,, — {e} where e is the identity element of D,,,
and S is inverse-closed. By using the program written in Figure 1 and using these connection
sets S, we found the Cayley graphs of the dihedral group shown in the tables in this paper.
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