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Abstract. Investigating the properties of excited charmonia is important to
clarify its internal structure. In this paper, we present the mass spectra (MS)
and decay constants (DC) for charmonia up to 3§ states calculated by means
of the light-front quark model based on a variational approach. In particular,
we consider the QCD-motivated effective Hamiltonian, which includes both
confinement (linear and screened) and Coulomb-like potentials. Furthermore,
since the existence of the nature of heavy quark symmetry, we treat hyperfine
interactions perturbatively. We developed the harmonic oscillator expansion
method to approximate the wave function (WF) for excited states. We found
that the results of our theoretical calculations, using screened potentials rather
than linear ones, are in good agreement with experimental data. By looking at
the mass and decay constant result, we found that our result on the y(3S) state
matched the properties of the y(4040) resonance.
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1 Introduction

Since 50 years ago, Quantum Chromodynamics (QCD) [I] has been understood as a
fundamental theory of strong interaction between quarks and gluon with a non-perturbative
nature in low-energy region and asymptotic freedom in high-energy limit. With the
emergence of a connection between QCD and constituent quark model (CQM), QCD
becomes the most useful tool for describing hadrons, including baryons (gqg) and mesons
(¢q). However, quark models cannot provide a detailed explanation of exotic hadrons, such
as the X, Y, and Z states observed in experiments [2]. Additionally, since the finding of
the heavy charmonium state J/y in 1974 [3], experimentalists have also identified excited
states of charmonium, particularly within the y family [4], including y(4040), y(4160), and
y(4415). While numerous unknown hadrons have been confirmed in experiments, theorists
are still working to develop suitable models that can explain the properties of hadrons,
including some basic properties, namely mass spectra (MS) and decay constants (DC).
Since Dirac proposed the three relativistic dynamics in 1949 [5], light-front dynamics
(LFD) has emerged as an effective tool for describing hadron structure. In addition
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to employing a relativistic framework, LFD also offers distinctive features, including a
rational energy-momentum relation and seven time-independent kinematic quantities. Hence,
calculating the properties of all hadrons becomes easier. In particular, the light-front quark
model (LFQM) offers a distinctive way of constructing hadron models by treating hadrons as
relativistic bound states, making the model provide reliable predictions for hadron properties.

There have been several efforts to determine the properties of mesons, including the
calculation of MS and DC of the ground state [0], as well as investigation of the basis
expansion effects of ®(k) = ,2,:, fso(k) in the calculation up to the 2S state in LFQM [7].
The present work is mainly intended to calculate the properties of the ¢¢ charmonia, including
MS and DC up to the 3S states. In particular, we investigate the effect of the inclusion of
additional 3S harmonic oscillator (HO) basis ®(k) = ¥.>_, !0 (k) in the radial part of the
WE.

2 Model description

In LFQM, our formalism utilizes the hadron state approximation through the leading-order
Fock state expansion. The meson structure is considered at rest as an interacting bound
system of effectively dressed quarks gg, which satisfies the eigenvalue equation of the
effective Hamiltonian,

Hyg |qu@> =Myg |\quI>

where M,; and ¥,;; are the mass eigenvalue and eigenfunction, respectively. The Hamiltonian
is given by,

Hy;=Hy+ V5 = \/m§+k2+ \/m§+k2+qu-,

where Hy is the kinetic energy part of gg with three-momentum k. The effective potential V4
is given by,
qu = VConf + VCoul + VHypv

where we use the linear confinement,
Veont = a+br,

where a and b are confinement parameters. The screened effect is given by,

b(1—e Hr
VConf:a""g-

where U is the screened parameter. The effective one-gluon exchanges for the S-wave mesons
are assumed for the Coulomb and hyperfine interaction potentials, i.e.,

4o 2(8,-8;)

3, s and VHyp = V2VCoul-

Veou = —
3mgmyg

The coupling constant ¢ in this work is assumed to be a free parameter, whereas the values
of <Sq -Sq—> are 1/4 (=3/4) for the vector (pseudoscalar) mesons, respectively. In addition,
we consider the V2V, as the Dirac delta function &3 (r).

The light-front wave function can be expressed as,

\P% = “Piflq (-x,kj_) = qb(x,kj_)%/{:‘flq (x,kJ_)7

2
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where ®(x,k ) represents the radial wave function, and %ilz% (x,k ) is the spin-orbit wave
q>"q

function derived from the Melosh transformation. The covariant forms of %/JIJA are given by,
q°q

JJ.

Z

1
Mg — m“zq (pq)FP(V)V)Lq (pg),

where I'p(y) is the vertex for pseudoscalar(vector) meson,

8'(pq_pt?)
[p=7%, and Ty=-—¢,)+-—"1—7—
P=1 v #(%:) Mo+mg+mg

with My = /M3 — (my —mg)?. The polarization vectors e* (J,) = (¢*,&~,€ ) are given by,

2 1 —M3 + P?
H - - . u - + 0 T7 L
& (:l:l)— <O,P+€L(:|:) PL,EL(:E)>, and ) (0)—M0 (P N pr ,I)l>7

where € (£1) = F(1,4i) / /2. Since we only consider the radial part, the spin-orbit part
satisfies the unitary condition, i.e., <%ijjl
979

%ﬁjl> = 1. The light-front wave function is
qq

written in terms of the invariant Lorentz variable x; = p;r /Pt k1 ;=pi;—xp), helicity 4;,
P* = (PT,P~,p)) is the meson’s momentum and p* is the i-th (i=1,2) constituent quark’s
momentum, and define x = x| withk, =k . Furthermore, the three-momentum k = (k;,k_ )
can be described as k = (x,k ) through the relationship,

1 m2 — m?2
k,={x—= | M b__14
: ( 2) 0t oMy
where,
K +m?2 k2 +m?
Mp=—F—4 4L 4 (1)

X I—x
the boost-invariant meson mass squared is introduced in Equation (1). Note that the
normalization is taken into account on our radial part following the variable transformation

{kz,k1} — {x,k, } emerges and influence the Jacobian factor %’fj,

ok, My [1 _ (mé B mé)zl

ox 4x(1—x) Mg

For the ground state, we use the harmonic oscillator expansion method (HOEM) in our radial
wave function as,

1 21932

HO _ —k%)2
1s (k) = We /ﬁ,
HO(k) — (2k2_3ﬁ2) esz/Zﬁz
2§ NG HE ’

(15B% —20B2Kk> +-4k*) 2 o452
¢:‘i]§0(k> = 2\/EE3/4B11/2 e k*/2B ,

with k = |k| and,

dk
O (k) = /20m | SE0HR k),
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whereas B is the parameter that is inversely proportional to the width of the WF. In this
calculation, f is considered as the variational parameter. The WF ¢,s include with the
Jacobian factor dk,/dx satisfy the normalization:

dxd’ky 40 )

— k =1.
Furthermore, we expand the basis as a linear combination of the 1S, 2§, and 35 HO bases. It
can be written in a matrix form,

HO
Dy C12€13 512513 513 IS
o _ _ _ _ HO
| = $12€23 —C12523513  C12C13 — S12523513  $23C13 Org
D3g §12€23 — C125238513  —C12€23 — S12€23813  €23C13 P10

1S 1S IS HO

B VO MO N B N
G a9 4 P35

with ¢;;(sij) = cos6;;(sin6;;). Note that the matrix form in Ry we used is quite similar
to the CKM matrix [8], but we ignore the CP violation terms. In our LFQM analysis, the
heavy mesons (in this case, charmonia) have a number of parameters, i.e., the constituent
quark masses (m,), the potential parameters (a,b, 0, 1), the HO parameter .. for both
pseudoscalar and vector charmonia. We begin with determining the parameters’ values by
fitting the MS based on the variational calculation,

—_—

J <Tqé|H0 ‘Tqé>
JpB

and then computing the other meson properties such as decay constant. We note that the
hyperfine interaction is treated perturbatively.

:O,

2.1 Mass spectra

The mass formula of 1S, 2S, and 3S state charmonia with three HO bases is expressed as,
Mg = (Ho) + (Veont) + (Vo) + (Viiyp) »
where the formula is derived by taking the expectation values of the effective Hamiltonian,
(Wyq| (Ho+Vyq) [qq) -

The contribution from the kinetic term is given by,

<H0> = 12()ﬁ\/f Z |:(120C% —120 \/6616‘2 + 1806‘% + 60 \/%6‘16‘3 — 180 \66‘263
=12

+225¢3 +40c3 +8 V301 ¢3 — 104 V/5¢a¢3 +260c323) 262K, [%}

—4(1062 — 26 v/5¢2¢3 +2V/30c ¢3 + 65¢2)22 (2 — 3)ei/ 2K, [%}
+15 ﬁ<4(—6c% +9+v/5¢503 — 15C% +2 \/6(0162 — \66‘103))

xU(—1,-2,2)) +28(V5c2c3 — 5¢3)U (=1, —4,2:) + 633U (-1, —5,@)] ,
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where z; = m? /B2, K,(x) is the modified Bessel function of second kind of order n, and
U(a,b,z) is the Tricomi’s (confluent hypergeometric) function. The contribution from the
linear confinement (a + br) is given by,

b
<Véégf> = a+m( 1+302+ \[6162 V13 0163 \fcz@)

and those of screened confinement (a +b(l—e M) /u) is given by,

b
<Vg§;f> = a4 = +384O\f[510 |:2ﬁ,u(32(60€%—4\/6(106162+ \/§C1L‘3)

+15(8¢3 —4V/5¢2¢3 +11¢3)) B8 +32(40c3 — 48 V/5¢p¢3 + 11563
+2 \f6(—501cz +2V5¢1¢3)BOu% + 8(10c% —28V/5¢5¢3
+2/30c1¢3 4 89¢2) B4 ut + —8(V/5c0c3 — 6¢3) B2 ub + c%,ug)

— /et 4B (3840810 +1920(c2 +3¢2 +5¢2 — Ve

-2 \/§C2C3)ﬁ8ﬂ2 + 160(9C% + 30c% + V30¢ic3 —2V6ci 02

—12 \GC2C3)[36,U4 + 16(5c§ —0—506% —15v/5¢2¢03 + \/ﬁclc3)[34,u6

+50c3 — 8 V/5¢oc3 8218 + 3 u')erfe {2[3H

where the error function erfc(z) = 1 —erf(z). The Coulomb-like and Hyperfine potentials are

given by,
O
(Veou) = _45\)%(1206%_"100C%+89C§+40\f6ClC2+12\/%CIC3
+44\6czc3),
B oy (32
<VHYP> = <3mcm?fs 2+1662+2OC3+32 C1cz+16 —c1C3
+16\6czc3),

respectively. Note that the meson’s mass is able to be calculated by replacing ¢; in the mass
formula with ¢!5,¢?5, or C3S for 1S, 25, and 3S state, respectively.

l’l7

2.2 Decay constant

All pseudoscalar(vector) mesons P(V) with four-momentum P* and mass Mp (My) have
decay constants, namely fp and fy, which are defined in the matrix transition form as,

(01gr*vsq|P) ifpP",
(0lgv*q|V(P,A)) JrMye" (1), )

where € (1) is the polarization vector of a vector meson. Solving the left and right-hand side
of Equation (2) simultaneously, we obtain the explicit form of fp(y,)

dxdkj_ xkj_)
2\f/ o,
2(2m)? NEZER 5]
2k
o= 2[/“‘“” Dlxki) {VQHL},

2007 Sy L Do

fp
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respectively, where ./ = (1 —x)m, 4 xmg and and Dy = My +my +mg.

3 Results and discussion

Before calculating the mass spectra and decay constants, it is necessary to determine seven
parameters through the variational principle applied to @ in the mass formula. The values
of these parameters are listed in Table 1. Here, we only fix the widely-known string tension
b =0.18 GeV?. Additionally, we assume 6;3 = 6,3 to simplify the parameterization that
reasonably describes the experimental data. Initially, we considered 01, = 8;3 = 6,3 and
found that the predicted result deviates considerably from the data. Because of that, we
assume two mixing angles for the basis expansion coefficients in this work. We obtain the
612 = 12.12° and 63 = 8.44° where 01, > 6;3. As for comparison, the angle value 0y, is
quite similar to Ref. [7], but they consider only two HO bases such that (63 = 6,3 = 0) and
use it to calculate observables for the 1S5 and 2 states.

Table 1. Model parameters that include constituent quark mass m, potential
parameters (a and b) as well as screening parameter y and variational
parameters 3 (GeV).

0 03=0x3 m a b u Ots Bee
12.12 8.44 1.61 —-041 0.18 0.027 0.402 0.5417

In the case of the quark mass, our obtained value of 1.61 GeV is quite similar to the
value in the Godfrey-Isgur (GI) model [9]. However, our results for the potential parameters,
particularly the strong coupling constant ¢, differ somewhat from Arifi’s work. Moreover,
our value for the screening parameter u is a bit different from that in Gao’s work [10], where
they obtained p = 0.045 GeV>. As for the variational parameter 8 on the HO expansion,
we obtain B.; = 0.5417 GeV. We note that other parameters such as the mixing angle and
potential parameter will influence the value of . For example, Arifi et al., obtained fB,; =
0.592 GeV where they only apply linear potential and 8 = 12°. This is quite essential since
the B parameter determines the the wave function characteristics and is always inversely
proportional to the width of the wave function [11]. As a result, it indirectly affects the
determination of MS and DC.

Table 2. Mass spectra [MeV] with linear and screened potentials. We also show other model
predictions for comparison.

State Miin. M, Exp. [4] GI[9] RQM[I2] NRQCD [!3]
n.(1S)  3010.8 3002.3 29839+04 2970 2979 2989
n.(2S) 36413 36145 3637.5+1.1 3620 3588 3602
n.(3S) 40763 4028.1 .. 4060 3991 4058

J/yp(1S) 3110.8 31024 30989+ 0.01 3100 3096 3094

y(25) 3706.6 3679.8 3686.1+0.06 3680 3686 3681

w(3S) 41273 4079.1 4039 £ 1 4100 4088 4129

First, let us discuss the obtained masses of the charmonia. Here, we use two confinement
potentials separately to study its effect. While Mj;, denotes the mass spectra using linear
potential, M, denotes the mass spectra using screened potential. We present our prediction
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along with the experimental value from PDG as well as the results from other theoretical
models in Table 2. We can clearly see that M, for all charmonium states are lower than
those in M), and the discrepancy increases as the radial excitation level increases. It happens
because of the exponential term in the screened potential, which leads to a decrease in mass
as the distance increases. We note that the excited state wave function is more extended.
It is worth noting that the inclusion of the mixing angle in our calculation, whether for
M. or M., effectively reduces the predicted mass. A similar observation can be found
in Arifi’s work [7]. Besides our predictions and experiments, results from the GI model [9]
are quite similar to the experiment, although there is a considerable difference on w(3S). For
instance, some of the states on charmonia that employ the relativistic effect on the Relativized
Quark Model (RQM) [ 2] model will reduce the mass result compared to the Non-Relativistic
Quantum Chromodynamics (NRQCD) [13] model although this model also uses the linear
potential. Interestingly, our prediction and other theoretical models on the y/(3S5) state lead to
the w(4040) instead of y(4160) and y(4415) as well. A review from Ref. [14] suggests that
y(4040) corresponds to the w(3S) and y(4415) = y(5S), while the assignment of y(4160)
to a specific state has not yet been determined.

Table 3. Predicted decay constant [MeV] for charmonia.

State Jfrheo. Exp.[4] Lattice [16,17] Sum Rules [I18] LFQM (CJ) [15]

ne (1S)  349.1 335(75) 395(2.4) 387(7) 326

J/w(1S) 3967  407(5) 405(6) 418(9) 360
BLFQ [19] RQM [20] RQM2 [21]

Ne (25) 224 . 299(68) 173 240

w(2S) 2856  294(5) 312(73) 261 293
NRQM [13] RQM [20] RQM2 [21]

n.(3S) 1639 ... 249 127 193

v(3S) 2302  238(5) 230 206 258

Here, we have also calculated the decay constants for the charmonium states. Our
predictions, along with a comparison to the experimental values and the results from other
theoretical models, are presented in Table 3. To determine the experimental value of the
decay constant for each charmonium state, we extract it using the leptonic partial width I',- ,+
for vector charmonium and the diphoton partial width I"y, for pseudoscalar charmonium. It
can be observed that the decay constant decreases as the radial excitation level increases,
establishing the hierarchy f(1S) > f(2S) > f(3S), where the ground state has a larger decay
constant than the excited states. Unfortunately, experimental results for 1.(2S) and 1.(3S)
cannot be found because there is no experimental data available for determining the partial
width required to calculate the decay constant in the PDG.

In general, our results for the decay constant are in good agreement with the experimental
data, especially for y mesons. However, for the 1S state, we obtained different results
compared to other LFQM by the Choi-Ji (CJ) scheme [!5]. This difference may be attributed
to their focus being primarily on the ground state mesons with various quark flavors and
variations in parameter determination during the variational analysis. We found that the
results for 1.(1S) are consistent with the experimental data but deviate from the lattice
data [16, 17] and sum rules [18]. For the J/y(1S), our prediction is comparable to the
experimental data and other calculations. In a similar framework of light-front dynamics,
basis light-front quantization (BLFQ) [19] produces a higher result than ours for the 2 states,
particularly showing a moderate difference between BLFQ and experimental result for y(25).

https://doi.org/10.1051/itmconf/20246101016
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For the 3§ state, our predictions for y(3S) are generally consistent with the experimental
data and other calculations. However, our result on 1), has a large discrepancy compared to
either RQM [20] or NRQM [13], but not quite differ to RQM?2 [21]. This discrepancy arises
from differences in the treatment of certain parameters. Specifically, Lakhina’s work [21]
defines the running constant ¢ with a logarithmic scale applied to their denominator, whereas
Azhothkaran [20] and Soni’s work [13] takes into account QCD corrections, including p
(for pseudoscalar meson) and 8y (for vector meson), in their decay constant calculation.
Consequently, our result appears to be in better agreement with Lakhina’s findings than with
the others.

4 Conclusion and outlook

We have analyzed the properties of charmonia (7.,J/y) from the ground state (1S) to
the second radial excitation (35) using the light-front quark model. In this study, we
calculated their mass spectra along with decay constants by employing the harmonic
oscillator expansion method. Furthermore, we expand the basis as a linear combination
of ¢is,¢2s, and ¢35. To obtain the parameters B.,a,b, a1, and 6;; we carried out the
variational analysis using the mass formula we have derived.

For our mass spectra calculation, we consider the QCD-motivated effective Hamiltonian
with several potentials such as confinement (linear and screened), Coulomb-like, and
hyperfine term. In this work, we consider the hyperfine potential perturbatively since its
contribution is rather small. Our predictions for mass spectra up to 3S states with the
screened potential are consistent with the experimental data and other theoretical models.
Also, our predictions for decay constants are in good agreement with experimental data
and other theoretical models. We note that f;)(‘";) are extracted from I',-,+ (I'yy) for vector
(pseudoscalar) mesons. Interestingly, we find our model can reproduce the hierarchy of decay
constant fis > fas > fas which is mainly due to the increasing number of the basis functions.
If we use a single HO basis function, the hierarchy of the decay constant will be opposite [7].

For future work, we would like to consider other mesons that contain bottom quarks
such as B£*> mesons and bottomonia (1, I'). Computing other properties such as distribution
amplitudes [22] and radiative decays[23] with the obtained light-front wave function is also
certainly of interest. We would like also to apply the smeared function [24] instead of the
Dirac delta function in the spin-spin interaction. It is important to note that the Harmonic
Oscillator (HO) basis function is assumed for the wave function in the present work, but one
should study different basis functions further to solve the Hamiltonian that can lead to more
accurate predictions.

Acknowledgements

M.R. thanks the ISCPMS 2023 organizer for providing the oral presentation for his work. The
work of A.J.A. is supported by the RIKEN special postdoctoral researcher (SPDR) program.
The work of T.M. is supported by the PUTI Q2 grant from Universitas Indonesia (UI), under
contract No. NKB-663/UN2.RST/HKP.05.00/2022. The hospitality of the master program in
physics at Ul is also gratefully acknowledged.

References

1. F. Gross, et al., arXiv:2212.11107.
2. A. Hosaka, et al., PTEP 2016, 062C01 (2016).



ITM Web of Conferences 61, 01016 (2024) https://doi.org/10.1051/itmconf/20246101016
9" [SCPMS 2023

10.
. C. H. Wang, et al., Nucl. Phys. Rev. 39, 160 (2022).
12.
13.

14.
15.
16.
17.
18.

19.
20.
21.
22.
23.

24

RN R e N SO OV

A. Khare, Curr. Sci. 77, 1210 (1999).

R. L. Workman, et al., PTEP 2022, 083C01 (2022).

P. A. M. Dirac, Rev. Mod. Phys. 21, 392 (1949).

H. M. Choi, C. R. Ji, Z. Li, and H. Y. Ryu. Phys. Rev. C 92, 055203 (2015).

A.J. Arifi, H. M. Choi, C. R. Ji, and Y. Oh. Phys. Rev. D 106, 014009 (2022).

L. L. Chau and W. Y. Keung, Phys. Rev. Lett. 53, 1802 (1984).

S. Godfrey and N. Isgur, Phys. Rev. D 32, 189 (1985).

Z. Gao, G. Y. Wang, Q. F. L, J. Zhu, and G. F. Zhao. Phys. Rev. D 105, 074037 (2022).

D. Ebert, R. N. Faustov, and V. O. Galkin Phys. Rev. D 67, 014027 (2003).

N. R. Sonia, B. R. Joshi, R. P. Shah, H. R. Chauhan, and J. N. Pandyab, Eur. Phys. J. C
78, 592 (2018).

X. H. Mo, C. Z. Yuan, and P. Wang. Phys. Rev. D 82, 077501 (2010).

H. M. Choi and C. R. Ji, Phys. Rev. D 80, 054016 (2009).

C. T. H. Davies, et al., Phys. Rev. D 82, 114504 (2010).

G. C. Donald, et al., Phys. Rev. D 86, 094501 (2012).

D. Becirevi¢, G. Duplancié, B. Klajn, B. Meli¢, and F. Sanfillipo, Nucl. Part. Phys. Proc.
273-275, 1611 (2016).

Y. Li, P. Maris and J. P. Vary, Phys. Rev. D 96, 016022 (2017).

B. Azhothkaran and V. K. Nilakanthan, Int. J. Theor. Phys. 59, 2016 (2020).

0. Lakhina and E. S. Swanson, Phys. Rev. D 74, 014012 (2006).

A. J. Arifi, H. M. Choi, and C. R. Ji, Phys. Rev. D 108, 013006 (2023).

H. M. Choi, Phys. Rev. D 75, 073016 (2007).

K. H. Hong, U. Yakhshiev, and H. C. Kim, PTEP 2022, 103D02 (2022).



	1 Introduction
	2 Model description
	2.1 Mass spectra
	2.2 Decay constant

	3 Results and discussion
	4 Conclusion and outlook

