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Abstract. Scattered data interpolation plays an important role in computer
graphics and scientific visualization. This method can be used to interpolate
any regular or irregular data sets. For instance, rainfall distribution is an
example of an irregular data that usually appear in statistics. In this study,
cubic Bézier-Like triangular patches defined on triangular domain is used to
interpolate rainfall data sets. From graphical results, we obtain a very smooth
surface. Therefore, the proposed scheme can be used to interpolate and
provide a good visualization to the given irregular data sets.

1 Introduction

One of the active research topics in computer-aided design (CAD) and computer
graphics (CGQ) is scattered data interpolation and approximation. These methods can be used
to interpolate or approximate any regular or irregular data sets. There are many methods
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proposed in the literature. Either methods-based triangulations [1, 3, 4-6, 8, 12] or not
involving any triangulations like meshfree methods such as radial basis functions (RBFs)
including the famous Shepard’s functions [2]. The scattered data methods must be able to
produce smooth curves and surfaces everywhere. Basically, the main problem in C? scattered
data interpolation is described below [4, 6, 10, 11]:

Given the 3D functional data.
(x,y52z), i=12,...,N

we wish to construct the smooth surface z = F(x, y) that satisfies the following condition:
Z; = F(xi,yi), i = 1,2,...,N
In the next Sections, we will discuss on how to solve the problem stated above.

2 Cubic Bézier-Like Triangular Patches

In this Section, we will provide brief explanation of the cubic Bézier-Like triangular patches.
More details can be found in [4].

Definition 1 [4]. Let a,b,c € (0,0) withu =>0,v>0,w = 0. The cubic Bézier-Like
triangle basis on a triangular domain D = {(u, v,w)|u + v + w = 1} is defined by :

Byl vw) = (14 a(u— 1)
Bgs0(u,v,w) = v?(1+ b(v — 1))
B3os(wv,w) =w?(1+c(w—1))
B30, v,w) = (a + 2)u*v
33,0,1(% v,w) = (a + 2)u’w

B3, 0w, v,w) = (b + 2)uv?
33,2,1(% v,w) = (b + 2)viw
B3, (w,v,w) = (¢ + 2)uw?
Bg,1,2(u' v,w) = (c + 2)vw?

B} 1(wv,w) = 6uvw

(1)

Definition 2 [4]. Given control points by, i + j + k = 3 (See Figure 1) the cubic Bézier-
Like triangular patches is defined as

P(u,v,w) = Xyisjskj=3 bije B v, w), u+v+w=1 ()
which can be simplified to

P(u,v,w) = u?(1+ a(u—1))bsgo + v3(1 + b(v — 1))bg3o + w2(1 + c(w — 1))bgo3 +
(a + 2)uvbyo + (a + 2)ulwbygy + (b + 2)v?uby 50 + (b + 2)v?whyy, +

(c + 2)w?ubyy, + (c + 2)w2vby,, + 6uvwh, 4 3)

where u+v+w=1.
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Fig. 1. The control points or ordinates for the Bézier-Like triangular

3 Scattered Data Interpolation Using Cubic Bézier-Like Triangular

In this Section we construct scattered data interpolation scheme by using the cubic Bézier-
Like triangular patches developed in the previous Section. The scheme is comprising a
convex combination blended between three local schemes P;, P, and P; defined below:

VWP +uwP+UuvP3

P(u,v,w) =  ut+v+w=1 @)

vw+uw+uv

The final C* scattered data interpolation scheme is defined as

P(u,v,w) = Yi+jri=3biji B ;1 (u, v,w) + 6uvw (s1bi1q + s,b711 + s3b3;)

i,j,k*1
(5)
with
w uw uv
§1 = »S2 = , €51 = (6)
vw+uw+uv vw+uw+uv vw+uw+uv

where b{,;,d = 1,2,3 are inner ordinates on each triangle; calculated by using the cubic
precision method [4]. This method will ensure that the final interpolating surface has at least
a cubic precision. This means that, the proposed scheme can reproduce exactly at most cubic
polynomial [8]. Meanwhile, the remaining cubic Bézier-Like triangular ordinates are
calculated by the method discussed in [4]. The following is an algorithm that can be used for
the computer implementation.

Algorithm 1
Input : scattered data points and free parameters a, b, ¢ € (0, o).
Output : smooth surface.
Step 1 : Triangulate the domain by using Delaunay triangulation [4].
Step 2 : Estimate the partial derivative at the data points by using [9].
Step 3 : Calculate the boundary control points using method developed in [4].
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Step 4 : Calculate inner control points for the local scheme, b%,;,d = 1,2,3 by using the
cubic precision method [4].

Step 5 : Construct the interpolating surface using (5).

Step 6 : Calculate CPU time (in seconds).

Step 7 : Repeat Steps 1-6 with different free parameter values.

Now, we establish the main result of the present study. Let € represents the convex hull of
points {(x;,y;)},i = 1,2,...,N and let A isa triangulation of Q. In order to obtain the
following error bound, we have adopted the error bound established in [8].

Theorem 1. For every feC*((), the C' Bézier-Like triangular interpolant P defined by (5)
satisfies the following error bound

If =PIl < KIAI*If 1,

where the constant K depends on the smallest angle in A. Note that, |A| is the size of the
triangulation, i.e. the A largest length of edges of A.

Based on Theorem 1 above, we found that our proposed scattered data interpolation scheme
by using Bézier-Like triangular is the same as error bound by using rational quartic
interpolant in [8]. The main advantage of the present scheme is that the interpolant is cubic
polynomial meanwhile in [8], the interpolant is a rational quartic which will require
tremendous computational times to execute and produce interpolating surface especially for
large scattered data sets.

4 Results and Discussion

In this section, the scattered data interpolation scheme presented in the Section 3 is tested to
interpolate the irregular rainfall data sets obtained from 25 major stations throughout
Peninsular Malaysia [1] as shown in Figure 2. Each stations have different longitude and
latitude. Figure 3 shows the Delaunay triangulation for the data. We implemented the
proposed scheme using MATLAB 2022 version on AMD Ryzen 5 5600H with Graphics
NIVIDIA GeForce RTX 3050 4.2 GHz (Laptop GPU). MATLAB coding was developed
based on Algorithm 1 presented in Section 3.
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Fig. 2. Location of all 25 rainfall stations.
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Fig. 3. Delaunay Triangulation for the irregular rainfall data sets.
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Fig. 4. Surface produced with Ball (a = b = ¢ = 0).
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Fig. 5. Surface produced with Bézier (a = b = ¢ = 1).
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Fig. 6. Surface produced with Timmer (a = b = ¢ = 2).

Average Rainfall (in mm)

104

102

101
Latitude 99 Longitude

Fig.7. Surface produced witha = b = ¢ = 1.5.
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Fig. 8. Surface produced witha = b = ¢ = 0.5.
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Fig. 9. Surface produced witha = 1.5,b = ¢ = 0.

Figure 4 until Figure 9 shows various interpolating surfaces by using different parameter
values. Clearly the scattered data interpolation by using cubic Bézier-Like triangular patches
can produce a smooth surface. We compared CPU times (in second) required to generate all
the interpolating surfaces shown in Figures 3-8. Table 1 summarize the results.
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Table 1. CPU times (in second).

Figure Parameter Values C.PU times
(in second)

3 a=b=c=0 1.118073

4 a=b=c=1 1.112325

5 a=b=c=2 1.152847

6 a=b=c=15 1.179505

7 a=b=c=05 1.223217

8 a=15b=c=0. 1.147903

From Table 1, we found that, the fastest CPU time i.e., 1.112325 seconds is when
a=b=c=1. Meanwhile, the slowest CPU time is when
a=b=c=0ie, 1.223217 seconds. Final comparison is made against scattered data
interpolation using rational quartic spline interpolant constructed in [8]. Figure 10 shows the
resulting rainfall surface interpolation.
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Fig. 10. Surfaced produced by [8].

In term of CPU times, scattered data interpolation scheme presented in [8] requires about
1.308483 seconds to produce interpolating surfaces shown in Figure 10. Overall, the [8]
scheme require 17.63% more CPU times compared with the proposed cubic Bézier triangular
patches. This is significant especially when we are dealing with big-data sets.
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5 Conclusion

In this study, a scattered data interpolation scheme initiated in [4] have been used to
interpolate irregular rainfall data sets. From the simulations, we found that the method is
fastest when the parameter values is set to a = b = ¢ = 1. These values is corresponding to
the standard polynomial cubic Bézier triangular patches. One possible extension to the
present study is to impose positivity-preserving condition on the ordinates. By having this
positivity-preserving, we can produce a meaningful scattered data interpolation to the rainfall
data sets because rainfall cannot be negative [3, 6, 12]. Another potential extension is to
generalise the cubic Bézier-Like triangular bases to the quintic Bézier-Like triangular bases.
By doing this, we can increase the smoothness from C' to C? parametric continuity [7]. Work
on this is presently underway by the authors.
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